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D
efinition: Let f and g be tw

o functions N
®

R
+.

W
e say and w

rite f(n) =
 o(g(n)) if and only

�
�

�
�

�
�

�
��

��	
�

=
¥

®

•
big-O

 is about “less-or-equal-than”,
•

little o is about “strictly less than”.
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G

iven an alphabet S
, w

e can m
ake a w

ord or string 
by concatenating the letters of S

.

�
A

 language L is a set of w
ords, i.e.

�
LÍ

S
*, w

here * is the kleene
operator

�
E

xam
ples

�
S

=
{0,1,.}, the set of decim

al binary num
bers

�
S

=
{a,b,c,d,e,f,…

}, the set of italian
w

ords

��

 �����������
��
��

�
�
�	�	�
	�	
������
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M
xÎÎÎ Î

S

“accept”

“reject”
if and only if xÏ

L

if and only if xÎ
L



��

!�
��������
��
��

�
G

iven an alphabet S
, any expression that can be obtained 

by

1.
R

 =
 a, w

ith aÎS
(a sym

bol of the alphabet)
2.

R
 =

 e
(the null string)

3.
R

 =
 Æ

(the void expression)
4.

R
 =

 (R
1

| R
2 ), the alternation 

5.
R

 =
 (R

1
R

2 ), the concatenation 
6.

R
 =

 (R
1 *), the kleene

closure

�
A

 language is regular if it can be defined by a regular 
expression

��

!�
��������
��
��"���������

�
,����-������� ���������

$)�.�*%
�/

�
0�	��������������'������������
���	�
�����	��'��	��
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$1.�.
e%

$*.).2.&
.3%

/�+
�$*.).2.&

.3%
�$*.).2.&

.3%
�

�
�	������������������
������
����
��
�

$�.�.�.�&
.�.%

�$�.�.�.�&
.�.*.).�&

.3.%
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A
lternative definition
A

 language is regular if and only if it can be accepted by a 
finite autom

aton 

A
 finite (state) autom

ata
�

a sim
ple m

achine that reads a single 
input character at every tim

e step
�

has an internal state that can assum
e

a finite num
ber of different values

�
internal state are of tw

o different types
(accept, reject) that define w

hether
the read string is accepted or not

)
)

4
)

5
2

+
)

��
�������	
���	��
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F
orm

ally
A

 nondeterm
inistic finite autom

aton (F
A

) M
 is defined by a 5-

tuple M
=

(Q
,S

,d,q
0 ,F

), w
ith

Q
: finite set of states

S
: finite alphabet

d: transition function d:Q
´S

e ®
P

 (Q
)

q
0 Î

Q
: start state

F
Í

Q
: set of accepting states

T
he autom

ata is called determ
inistic or non determ

inistic 
according w

hether d2�"�3	��	�	����

���	��	���	���	
���	�"�
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1

q
2

q
3

1
00,1

0
1

states
transition rules

starting state

accepting state

The deterministic automaton that recognizes the language: 
0*1( (1|0) (0|1))*

�
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DefinitionA context free grammar G=(V,S,R,S) is defined by
�V: a finite set variables
�

S: finite set terminals (with V
Ç

S=
Æ)

�R: finite set of substitution rules V ®(V
È

S)*
�S: start symbol ÎV
�DefinitionThe language of grammar G, denoted by L(G), is the 

set of strings of terminal symbols that can be obtained by 
applying the substitution rules from the start symbol

�L(G) = { w
ÎS* | S �* w >

22

�������"��&
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G
=

(V
,S

,R
,S

) w
ith

�
V

 =
 {S

,Z
}

�
S

=
 {0,1,(,),Ø

,Ú
,Ù

}
�

R
: �S

 ®
0 

�!	
®

Ø
(S

) 
�!	

®
(S

)Ú
(S

) 
�!	

®
(S

)Ù
(S

) 

�S
om

e elem
ents of L(G

):
0Ø

((Ø
(0))Ú

(1))
(1)Ú

((0)Ù
(0))
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T
he parse tree for (0)Ú

((0)Ù
(1)) 

�S
 ®

0 | 1 | Ø
(S

) | (S
)Ú

(S
) | (S

)Ù
(S

)

S

(
)

Ú
)

(
S

S

(
)

Ú
)

(
S

S
0

0
1

��

�������"�
���	�������

����	�
����
��
�

G
=

(V
,S

,R
,S

) w
ith

�
V

 =
 {S

,C
,E

,B
}

�
S

=
 {id,val,=

,(,),if,then,=
=

}
�

R
: 

S
 ®

C
;S

 | e
C

 ®
id=

E
C

 ®
if (B

) then S
 end

E
 ®

id|val
B

 ®
E

=
=

E

A
 program

 in L(G
):

id=
val;

id=
id;

if (id=
=

val) then
id=

val
end
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A pushdown automata 
�is a machine composed by 

�a finite state control unit
�a stack that contain symbols

�it can read one input character at 
each step�it can add, read and remove 
symbols from the stack
Pushdown automata can recognize 
(decide) context free languages
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Context-sensitive grammars
�the rules are in the form

�α�β
�αγβ�where A is a non terminal and α�β,γare strings of terminals 

and non terminals, γcannot be null
�the rule S �

eis allowed if �does not appear on the right side of 
any rule�no algorithm is known to decide Context-sensitive languages in 
polynomial time

Unrestricted grammars
�the rules are any form
�no algorithm is known to decide languages generated by 

unrestricted grammars
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A
lan M

. T
uring (1912–1954)

In 
1936, 

T
uring 

introduced 
his 

abstract 
m

odel 
for 

com
putation in his article “O

n C
om

putable N
um

bers, w
ith 

an application to the E
ntscheidungsproblem

”.

A
t the sam

e tim
e, A

lonzo C
hurch published  sim

ilar ideas 
and results.

T
he 

T
uring 

m
odel 

has 
becom

e 
the 

standard 
m

odel 
in 

theoretical com
puter science.
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D
epending on its state and the letter x

i , the T
M

 
-

w
rites dow

n a letter, 
-

m
oves its read/w

rite head left or right, and 
-

jum
ps to a new

 state.

internal 
state set Q

R
L

�
�

�
�

�
�

�
�

�
�

�
A

t every step, 
the head of the 
T

M
 M

 reads a 
letter x

i from
 the 

one-w
ay infinite 

tape. 

��

�������
�����	
�

state q
0

�
�

�
�

�
�

�
�

�
�

�

Initially, the tape contains the input
w

ÎS
*, padded w

ith blanks “_”,
and the T

M
 is in start state q

0 .

D
uring the com

putation, the head m
oves left

and right (but not beyond the leftm
ost point),

the internal state of the m
achine changes,

and the content of the tape is rew
ritten.
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T
he com

putation can proceed indefinitely, or the 
m

achines reaches one of the tw
o halting states:

state q
accept

�
�

�
�

�
�

�
�

�

state q
reject

�
�

�
�

�
�

�
�

�

or

��

'��	�
�)��&
	���,+

�%
-�.-./

A
 T

uring m
achine M

 is defined by a
7-tuple (Q

,S
,G

,d,q
0 ,q

accept ,q
reject ), w

ith
•

Q
 finite set of states

•
S

finite input alphabet (w
ithout “_”)

•
G

finite tape alphabet w
ith { _ } È

S
ÍG

•
q

0 start state Î
Q

•
q

accept accept state Î
Q

•
q

reject reject state Î
Q

•
d

the transition function
d: Q

\{q
accept ,q

reject } ´
G

®
Q

 ´
G

´
{L,R

}



35

�
�%
	
����	
��
%

���')

T
he configuration of a T

uring m
achine consists of

•
the current state qÎ

Q
•

the current tape contents ÎG
*

•
the current head location Î

{0,1,2,…
}

T
his can be expressed as an elem

ent of G
*´Q

´G
*:

�
�

�
�

�
�

�
�

�
�

�

q
9

becom
es “101 q

9 1_0#1”

��

 �������������')�$���

Let u,vÎG
* ; a,b,cÎG

; q
i ,q

j Î
Q

, and M
 a T

M
 w

ith 
transition function d.

W
e say that the configuration “ua

q
i bv”

yields
the 

configuration “uac
q

j b”
if and only if:

d(q
i ,b) =

 (q
j ,c,R

).

S
im

ilarly, “ua
q

i bv”
yields “u q

j acb”
if and only if

d(q
i ,b) =

 (q
j ,c,L).
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Like w
ith P

D
A

, w
e can represent T

uring m
achines

by (elaborate) diagram
s.

If transition rule says: d(q
i ,b) =

 (q
j ,c,R

), 
then:

q
i

q
j

b ®
c,R

��

'���	�
�

�

starting configuration
on input w

: “q
0 w

”

accepting configuration: “uq
accept v”

rejecting configuration: “uq
reject v”

T
he accepting and rejecting configurations are

the halting configurations.
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A
pproach: If j=

0 then “reject”; If j=
1 then “accept”; 

if j is even then divide by tw
o; if j is odd and >

1 
then “reject”.  R

epeat if necessary.

1.
C

heck if j=
0 or j=

1, accept/reject accordingly
2.

C
heck, by going left to right if the string has

even or odd num
ber of zeros

3.
If odd then “reject”

4.
If even then go back left, erasing half the zeros

5.
goto

1

G
oal: T

o build a T
M

 that accepts all and only the strings in 
A

 = { 0
j| j=

2
n

}

�
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A
 T

uring m
achine M

 accepts
input w

ÎS
*

if and only if there is a finite sequence of 
configurations C

1 ,C
2 ,…

,C
k

w
ith

•
C

1 the starting configuration “q
0 w

”
•

for all i=
1,…

,k–1 C
i yields C

i+
1

(follow
ing M

’s d)
•

C
k

is an accepting configuration “uq
accept v”

T
he language that consists of all inputs that are 

accepted by M
 is denoted by L(M

).

42
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A
 language L is T

uring-recognizable
if and only

if there is a T
M

 M
 such that L=

L(M
).

N
ote: O

n an input w
Ï

L, the m
achine M

 can
halt in a rejecting state, or it can ‘loop’indefinitely.

H
ow

 do you distinguish betw
een a very long

com
putation and one that w

ill never halt?

A
lso called: a recursively enum

erable
language.
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W
hen a T

M
 E

 generates the w
ords of a language,

E
 is an enum

erator (cf. “recursively enum
erable”).

A
 T

uring m
achine E

 enum
erates

the language L
if it prints an (infinite) list of strings on the tape
such that all elem

ents of L w
ill appear on the tape,

and all strings on the tape are elem
ents of L.

(E
 starts on an em

pty input tape.  T
he strings 

can appear in any order; repetition is allow
ed.)

��

��������	�
�0�!��

�	�	�


T
heorem

: A
 language L is T

M
-recognizable

if and only if L is enum
erable. 

P
roof: (“if”) T

ake the enum
erator E

 and input w
.

R
un E

 and check the strings it generates.
If w

 is produced, then “accept”
and stop,

otherw
ise let E

 continue.
(“only if”) T

ake the recognizer M
.

Let s
1 ,s

2 ,…
be a listing of all strings ÎS

*Ê
L. 

F
or j=

1,2,…
run M

 on s
1 ,…

,s
j for j tim

e-steps. 
If M

 accepts an s, print s.  K
eep increasing j.
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A
lso called: a recursive

language.

A
 language L=

L(M
) is decided

by the T
M

 M
 if on 

every w
, the T

M
 finishes in a halting configuration.

(T
hat is: q

accept for w
Î

L and q
reject for all w

Ï
L.)

A
 language L is T

uring-decidable
if and only

if there is a T
M

 M
 that decides L.

46
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A
 k-tape T

uring m
achine M

 has k different
tapes and read/w

rite heads.  It is thus defined 

by the 7-tuple (Q
,S

,G
,d,q

0 ,q
accept ,q

reject ), w
ith

•
Q

 finite set of states

•
S

finite input alphabet (w
ithout “_”)

•
G

finite tape alphabet w
ith { _ } È

S
ÍG

•
q

0 start state Î
Q

•
q

accept accept state Î
Q

•
q

reject reject state Î
Q

•
d

the transition function

d: Q
\{q

accept ,q
reject } ´

G
k

®
Q

 ´
G

k
´

{L,R
} k
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T
heorem

: F
or every m

ulti-tape T
M

 M
, there

is a single-tape T
M

 M
’such that L(M

)=
L(M

’).
O

r, for every m
ulti-tape T

M
 M

, there is an 
equivalentsingle-tape T

M
 M

’.

P
roving and understanding these kinds of robustness

results, is essential for appreciating the pow
er of the 

T
uring m

achine m
odel.

F
rom

 this theorem
 follow

s:
A

 language L is T
M

-recognizable if and only if 
som

e m
ulti-tape T

M
 recognizes L.

48
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Let M
=

(Q
,S

,G
,d,q

0 ,q
accept ,q

reject ) be a k-tape T
M

.
C

onstruct 1-tape M
’w

ith expanded G
’=

 G
È

GÈ
{#}

R
epresent M

-configuration 
u

1 q
j a

1 v
1 ,    u

2 q
j a

2 v
2 ,   …

, 
u

k q
j a

k v
k

by M
’configuration

,
q

j # u
1 a

1 v
1 # u

2 a
2 v

2 # …
# u

k a
k v

k

(T
he tapes are seperated

by #, the head 
positions are m

arked by underlined letters.)
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O
n input w

=
w

1 …
w

n , the T
M

 M
’does the follow

ing:
•

P
repare initial string: #w

1 …
w

n #_#�
#_#_ �

•
R

ead the underlined input letters ÎG
k

•
S

im
ulate M

 by updating the input and the
underlining of the head-positions.

•
R

epeat 2-3 until M
 has reached a halting state

•
H

alt accordingly.

P
S

: If the update requires overw
riting a # sym

bol,
then shift the part # �

_ one position to the right.

�


�
�������	�	��	��')�

A
 nondeterm

inistic T
uring m

achine
M

 can have 
several options at every step.  It is defined by 

the 7-tuple (Q
,S

,G
,d,q

0 ,q
accept ,q

reject ), w
ith

•
Q

 finite set of states

•
S

finite input alphabet (w
ithout “_”)

•
G

finite tape alphabet w
ith { _ } È

S
ÍG

•
q

0 start state Î
Q

•
q

accept accept state Î
Q

•
q

reject reject state Î
Q

•
d

the transition function

d: Q
\{q

accept ,q
reject } ´

G
®

P (Q
 ´

G
´

{L,R
})
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C
1

C
6

C
5

C
4

C
3

C
2

E
volution of the n.d. T

M
represented by a tree 
of configurations (rather
than a single path).

�
“reject”

“accept”

If there is (at least)
one accepting leave,
then the T

M
 accepts.

t=
1t=

2

t=
3

��

$	�����	�
��
�������	�	��	��')��
(	�&

�+
�����	�	��	������

W
e w

ant to search every path dow
n the tree

for accepting configurations.

B
ad idea: “depth first”. T

his approach can get
lost in never-halting paths.

G
ood idea: “breadth first”. F

or tim
e step 1,2,…

w
e list all possible configurations of the non-

determ
inistic T

M
.  T

he sim
ulating T

M
 accepts 

w
hen it lists an accepting configuration. 
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Let b be the m
axim

um
 num

ber
of children of a node.

C
1

C
6

C
5

C
4

C
3

C
2

�
“reject”

“accept”

t=
1t=

2t=
3

A
ny node in the tree can

be uniquely identified  by
a string Î

{1,…
,b}*.

E
xam

ple: location of the
rejecting configuration is (3,1).

W
ith the lexicographical listing e, (1), (2),…

, (b), (1,1),
(1,2),…

,(1,b), (2,1),…
et cetera, w

e cover all nodes. 
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Let M
 be the nondeterm

inistic T
M

 on input w
.

T
he sim

ulating T
M

 uses three tapes:
T

1 contains the input w
T

2 the tape content of M
 on w

 at a node
T

3 describes a node in the tree of M
 on w

.

1)
T

1 contains w
, T

2 and T
3 are em

pty
2)

S
im

ulate M
 on w

 via the determ
inistic path 

to the node of tape 3. If the node accepts,
“accept”, otherw

ise go to 3)
3)

Increase the node value on T
3; go to 2)
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Just like k-tape T
M

s, nondeterm
inistic T

uring 
m

achines are not m
ore pow

erful than sim
ple T

M
s:

E
very nondeterm

inistic T
M

 has an equivalent 
3-tape T

uring m
achine, w

hich –in turn–
has an

equivalent 1-tape T
uring m

achine.

H
ence: “A

 language L is recognizable if and only 
if som

e nondeterm
inistic T

M
 recognizes it.”

T
he T

uring m
achine m

odel is extrem
ely robust.

��

��&
����
������	
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����

W
e can consider m

any other ‘reasonable’
m

odels of com
putation: neural netw

orks, 
quantum

 com
puting…

E
xperience teaches us that every such m

odel 
can be sim

ulated by a T
uring m

achine.

C
hurch-T

uring T
hesis:

T
he intuitive notion of com

puting and algorithm
s

is captured by the T
uring m

achine m
odel.
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�
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+
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�
�������������#$9%

;91)

�
���K

��������F
�$9� �+

+
�9� %
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�

�
�������	����������6�

������

� ������

m�������� ����������������������
m�������� ��

�
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� �+
+

�9� %
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� $9� �+
+

�9� %
�&

��
� $9� �+
+

�9� %
%

�
������������$*�9

� �+
+

�9� %
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$9

� �+
+

�9� %

�$-1)�9
� �+

+
�9� %

;�$-��$-�9
� �+

+
�9� %

��9� �+
+
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m
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;���$���%

1)

���$*��%
;*

���$�1)��%
;���$���$���%

��%

base recursion: g is the projection operator

�constants,   f(x
� ,..,x

� )=n
�increment,   S(x)=x+1
�projection, U

�(x
� ,..,x

� )=x
�

�composition, f(x
� ,..,x

� )=h(g
� (x

� ,..,x
� ),…, g

� (x
� ,..,x

� ))
�recursion, f(0,x

� ,..,x
� )= g(x

� ,..,x
� )

f(y+1,x
� �����

� 	
���������
� �����

� 	���
� �����

� 	

recursion: h is the successor

base recursion: g is a constant

recursion: h is the com
position 

of piu
and the projection
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In 1900, D
avid H

ilbert (1862–1943) proposed
his M

athem
atical P

roblem
s (23 of them

).

T
he H

ilbert’s 10th problem
 is: D

eterm
ination of the 

solvability of a D
iophantine equation.

G
iven a D

iophantine equation w
ith any num

ber of
unknow

n quantities and w
ith rational integral num

erical
coefficients: T

o devise a process according to w
hich it

can be determ
ined by a finite num

ber of operations
w

hether the equation is solvable in rational integers.

��

+
	
�&

���	����<
���	
��

Let P
(x

1 ,…
,x

k ) be a polynom
ial in k variables

w
ith integral coefficients.  D

oes P
 have an 

integral root (x
1 ,…

,x
k )Î

Z
k

?

E
xam

ple: P
(x,y,z) =

 6x
3yz +

 3xy
2–x

3–10 
has integral root (x,y,z) =

 (5,3,0).

O
ther exam

ple: P
(x,y) =

 21x
2–81xy+

1 
does not have an integral root.
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H
ilbert’s “…

a process according to w
hich it can 

be determ
ined by a finite num

ber of operations…
”

needed to be defined in a proper w
ay.

T
his w

as done in 1936 by C
hurch and T

uring.

M
atijasevi=

proved that H
ilbert’s 10th problem

 
is unsolvable in 1970.

��

+
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T
hus, w

e are now
 ready to tackle the question:

W
hich languages are T

M
-decidable, T

uring-
recognizable, or neither?

W
hat can com

puters do and w
hat not?

W
e do this by considering the question:

A
ssum

ing the C
hurch-T

uring thesis, these are
fundam

ental properties of the languages.
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T
hree Levels of D

escribing algorithm
s:

•
form

al (state diagram
s, C

F
G

s, et cetera)
•

im
plem

entation (pseudo-P
ascal)

•
high-level (coherent and clear E

nglish)

D
escribing input/output form

at:
T

M
s allow

 only strings ÎS
* as input/output.

If our X
 and Y

 are of another form
 (graph, T

uring

m
achine, polynom

ial), then w
e use <X

,Y
>

to 
denote ‘som

e kind of encoding ÎS
*’.
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T
he acceptance problem

for determ
inistic

finite autom
ata is defined by:

A
D

F
A

=
 { <B

,w
>

| B
 is a D

F
A

 that accepts w
 }

N
ote that this language deals w

ith all possible
D

F
A

s
and inputs w

, not a specific instance. 

O
f course, A

D
F

A
is a T

M
-decidable language. 
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P
roof: Let the input <B

,w
>

be a D
F

A
 w

ith
B

=
(Q

, S
, d, q

start , F
) and w

ÎS
*.

T
he T

M
 perform

s the follow
ing steps:

1)
C

heck if B
 and w

 are ‘correct’, if not: “reject”
2)

S
im

ulate B
 on w

 w
ith the help of tw

o pointers:

P
q

Î
Q

 for the internal state of the D
F

A
, and 

P
w

 Î
{0,1,…

,|w
|} for the position on the string.

W
hile w

e increase P
w

from
 0 to |w

|, w
e 

change P
q

according to the input letter w
P

w

and the transition function value d(P
q ,w

P
w ).

3)
If M

 accepts w
: “accept”; otherw

ise “reject”

�


!�
������������	
��

T
he acceptance problem

A
R

E
X

=
 { <R

,w
>

| R
 is a regular expression

that can generate w
 }

is a T
uring-decidable language.

P
roof T

heorem
.

O
n input <R

,w
>:

1.
C

heck if R
 is a proper regular expression 

and w
 a proper string

2.
C

onvert R
 into a D

F
A

 B
3.

R
un earlier T

M
 for A

D
F

A
on <B

,w
>
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A
nother problem

 relating to D
F

A
s

is the 
em

ptiness problem
:

E
D

F
A

=
 {<A

>
| A

 is a D
F

A
 w

ith L(A
) =

 Æ
}

H
ow

 to decide this language?

T
his language concerns the behavior of the

D
F

A
 A

 on all possible strings.

Less obvious than the previous exam
ples.

��

��

%
�%
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A
lgorithm

 for E
D

F
A

on input A
=

(Q
,S

,d,q
start ,F

):
1)

If A
 is not proper D

F
A

: “reject”
2)

M
ake set S

 w
ith initially S

=
{q

start }
3)

R
epeat |Q

| tim
es:

a)
If S

 has an elem
ent in F

 then “reject”
b)

O
therw

ise, add to S
 the elem

ents that 

can be d-reached from
 S

 via:
“If $q

i Î
S

and $sÎS
w

ith d(q
i ,s)=

q
j , 

then q
j goes into S

new ”

4)
If final S

Ç
F

 =
 Æ

“accept”
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A
 problem

 that deals w
ith tw

o D
F

A
s:

E
Q

D
F

A
=

 {<A
,B

>
| L(A

) =
 L(B

) }

T
heorem

: E
Q

D
F

A
is T

M
-decidable.

P
roof: Look at the sym

m
etric difference

betw
een

the tw
o languages:

N
ote: “L(A

)=
L(B

)”
is equivalent w

ith an em
pty

sym
m

etric difference betw
een L(A

) and L(B
).

T
his difference is expressed by standard D

F
A

transform
ations: union, intersection, com

plem
ent.

))
B(

L
)A

(L
(

))
B(

L
)A

(L
(

Ç
È

Ç

��
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%
�
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�
����,�
��-/

A
lgorithm

 on given 
<<< <A

,B
>>> >:

1)
If A

 or B
 are not correct D

F
A

: “reject”
2)

C
onstruct a third D

F
A

 C
 that accepts the 

language

3)
D

ecide w
ith the T

M
 of the previous theorem

w
hether or not C

Î
E

D
F

A

4)
If C

Î
E

D
F

A
then “accept”;

If C
Ï

E
D

F
A

then “reject”

))
B(

L
)A

(L
(

))
B(

L
)A

(L
(

Ç
È

Ç
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S
im

ilar languages for context-free gram
m

ars:

A
C

F
G

=
 { <G

,w
>

| G
 is a C

F
G

 that generates w
 }

E
Q

C
F

G
= { <G

,H
>

| G
 and H

 are C
F

G
s

w
ith L(G

)=
L(H

) }

E
C

F
G

=
 { <G

>
| G

 is a C
F

G
 w

ith L(G
)=

Æ
}

T
he problem

 w
ith C

F
G

s
and P

D
A

s
is that they

are inherently nondeterm
inistic.

��

�&

��*���
�����#
��

D
efinition

A
 context-free gram

m
ar G

 =
 (V

,S
,R

,S
) is in C

hom
sky 

norm
al form

if every rule is of the form
A

 ®
B

C
       or       A

 ®
x

w
ith variables A

Î
V

 and B
,C

Î
V

 \{S
}, and xÎS

. F
or the start 

variable S
 w

e also allow
 “S

 ®
e

”

T
he derivation S

 �
* w

 requires 2|w
|–1 steps

(apart from
 S

 �
e).

E
very context-free gram

m
ar can be transform

ed into an 
equivalent C

hom
sky N

F
 gram

m
ar.
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T
heorem

:
T

he language
A

C
F

G
= { <G

,w
>

| G
 is a C

F
G

 that generates w
 }

is T
M

-decidable.

P
roof:

P
erform

 the follow
ing algorithm

:
1)

C
heck if G

 and w
 are correct, if not “reject”

2)
R

ew
rite G

 to G
’in C

hom
sky norm

al form
3)

T
ake care of w

=
e

case via S
®

e
check for G

’
4)

List all G
’derivations of length 2|w

|–1
5)

C
heck if w

 occurs in this list; 
if so “accept”; if not “reject”

��

+
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T
heorem

:
T

he language
E

C
F

G
= { <G

>
| G

 is a C
F

G
 w

ith L(G
)=

Æ
}

is T
M

-decidable.

P
roof:

P
erform

 the follow
ing algorithm

:
1)

C
heck if G

 is proper, if not “reject”
2)

Let G
=

(V
,S

,R
,S

), define set T
=S

3)
R

epeat |V
| tim

es:
•

C
heck all rules B

®
X

1 …
X

k
in R

 
•

If B
Ï

T
 and each X

1 …
X

k
is in T

 then add B
 to T

4)
If S

Î
T

 then “reject”, otherw
ise “accept”
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E
Q

C
F

G
= { <G

,H
>

| G
 and H

 are C
F

G
s

w
ith L(G

)=
L(H

) }?

F
or D

F
A

s
w

e could use the em
ptiness decision

procedure to solve the equality problem
. 

W
hat about the equality language

F
or C

F
G

s
this is not possible…

(w
hy?)

…
because C

F
G

s
are not closed under 

com
plem

entation or intersection.

Later w
e w

ill see that E
Q

C
F

G
is not T

M
-decidable.
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W
e now

 know
 that the languages:

A
C

F
G

=
 { <G

,w
>

| G
 is a C

F
G

 that generates w
 }

A
D

F
A

=
 { <B

,w
>

| B
 is a D

F
A

 that accepts w
 }

are T
M

 decidable.

W
hat about the obvious next candidate
A

T
M

=
 {<M

,w
>

| M
 is a T

M
 that accepts w

 }?

Is one T
M

 capable of sim
ulating all other T

M
s?
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G
iven a description <M

,w
>

of a T
M

 M
 and 

input w
, can w

e sim
ulate M

 on w
?

W
e can do so via a universal T

M
U

 (2-tape):
1)

C
heck if M

 is a proper T
M

Let M
 =

 (Q
,S

,G
,d,q

0 ,q
accept ,q

reject )
2)

W
rite dow

n the starting configuration 
<

q
0 w

 >
on the second tape

3)
R

epeat until halting configuration is reached:
•

R
eplace configuration on tape 2 by next

configuration according to d
4)

“A
ccept”

if q
accept is reached; “reject”

if q
reject

��
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T
he existence of the universal T

M
 U

 show
s that 

A
T

M
=

 {<M
,w

>
| M

 is a T
M

 that accepts w
 }

is T
M

-recognizable, but can w
e also decide

it?

T
he problem

 lies w
ith the cases w

hen M
 does 

not halt on w
.  In short: the halting problem

.

W
e w

ill see that this is an insurm
ountable 

problem
: in general one cannot decide if a T

M
w

ill halt on w
 or not, hence A

T
M

is undecidable.
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F
or S

=
{0,1},  there are 2

k
w

ords of length k. 

�
A

 language is a set w
ords: there are        languages L ÍS

k.

�
A

 T
M

 M
 an be described by a string: there are 2

k T
M

s of length k. 

A
n idea

Let us count languages and T
M

s, if T
M

s
are less than languages then w

e 
know

 that som
e language cannot be com

puted!!

H
ow

ever, languages and T
M

s
are infinite and w

e need a m
ore sophisticate 

w
ay to com

pare them

�
�

�
�

�

84
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A
 set S

 has k elem
ents if and only if there is

a bijection
possible betw

een S
 and {1,2,…

,k}.

S
 and {1,…

,k} have the sam
e cardinality.

If there is a surjection possible from
 {1,…

,n} 
to S

, then n ³
|S

|.

W
e can generalize this w

ay of com
paring the 

sizes of sets to infinite ones.
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If there exists a surjective
function F

:N
®

S
 

�
the set S

 m
ay not be infinite 

“T
he set S

 has not m
ore elem

ents than N
.”

If there exists a surjective
function F

:S
®

N
, 

�
the set S

 is infinite
“T

he set N
 has not m

ore elem
ents than S

.”

If there exists a  bijective
function F

:N
®

S
.

�
T

he set S
 is countable

“T
he sets N

 and S
 are of equal size.”
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O
ne can m

ake bijections
betw

een N
and

Z
, N

2, {a}*, {a,b}*:
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C
onsider the set N

*, the set of finite sequences
of num

bers: (0)Î
N

*, (4,63)Î
N

*, (1,0,…
,1)Î

N
*.

T
his set is also countable infinite. 

H
ow

 do m
ake the bijection

betw
een N

* and N
?

1.
T

here are infinitely m
any prim

es 
p

1 =
2, p

2 =
3, p

3 =
5, …

2.
E

very num
ber nÎ

{2,3,…
}

has a unique prim
e

factorization: 84 =
 p

1 ·p
1 ·p

2 ·p
4

��

�	4���	
����(����
N

����
N

>

Let (n
1 ,n

2 ,…
,n

k )Î
N

*

C
onsider the num

ber
�

��
�

��
�

��
�

�
�

�
�

�
�

+
+

+
×

=
L

Infinitely m
any prim

es: F
or every k this is possible.

T
he “+

1”
enables us to m

ake a distinction 
betw

een (1,4,0) and (1,4).

U
nique prim

e factorization: G
iven m

, w
e can 

determ
ine (n

1 ,n
2 ,…

n
k )
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T
here are infinite sized sets that are not countable.

T
ypical exam

ples are Â
, P

(N
) and P

({0,1}*) 

W
e prove this by a diagonalization

argum
ent.

In short, if S
 is countable, then you can m

ake a
list s

1 ,s
2 ,…

of all elem
ents of S

.
D

iagonalization
show

s that given such a list,
there w

ill alw
ays be an elem

ent x of S
 that

does not occur in s
1 ,s

2 ,…

	


9��
�����	�	��
%
�

P
,N

/

T
he set P (N

) contains all the subsets of  {0,1,2,…
}.

T
here is a bijection

betw
een P

 (N
) and 

{0,1}¥
(the set of infinite bit string).

E
ach subset X

Í
N

can be identified by an infinite
string of bits x

0 x
1 x

2 ... such that x
j =

1 iffjÎ
X

.

P
roof by contradiction

: A
ssum

e P (N
) is countable.  

H
ence there m

ust exist a bijection
F

:N
®

{0,1} ¥
. 

“T
here is a list of allinfinite bit strings.”
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T
ry to list all possible infinite bit strings:

�
�

� � � �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

Look at the bit string on the diagonal of
this table: 0101…

T
he negation of this

string (“1010…
”) does not appear in the table.

	�

�
��	4���	
�
N

®
12?86� ¥

Let F
 be a function

N
®

{0,1} ¥.
F

(0),F
(1),F

(2),…
are all infinite bit strings.

D
efine the infinite string Y

=
Y

0 Y
1 Y

2 …
by

Y
j =

 N
O

T(j-th
bit of F

(j))

O
n the one hand Y

Î
{0,1} ¥, but on the other 

hand: for every jÎ
N

w
e know

 that F
(j) ¹

Y
 

because F
(j) and Y

 differ in the j-th
bit.

F
 cannot be a surjection: {0,1} ¥

is uncountable.
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W
e just show

ed that there it is im
possible to

have surjection from
 N

to the set {0,1} ¥.

S
im

ilar proofs are possible for the uncountability
of the sets Â

, P ({0,1}*), …
.

	�

�
���	�
�')�

O
bservation: E

very T
M

 has a finite description;
there is only a countable num

ber of different T
M

s.
(A

 description <M
>

can consist of a finite string
of bits, and the set {0,1}* is countable.)

O
ur definition of T

uring recognizable languages
is a m

apping betw
een the set of T

M
s {M

1 ,M
2 ,…

} 
and the set of languages {L(M

1 ),L(M
2 ),…

}ÍP (S
*).

Q
uestion: H

ow
 m

any languages are there?
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T
here are uncountable m

any different languages 
over the alphabet 

SSS S={0,1}: the set of languages is 
P

 ({0,1}*)

W
ith the lexicographical ordering e,0,1,00,01,…

of S
*, 

every L coincides w
ith an infinite bit string via its 

characteristic sequence
c

L .
E

xam
ple for L=

{0,00,01,000,001,…
} w

ith c
L =

 0101100…� � �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

���
���

���
��

��
��

��
�

�
��

c

e
S

	�

�
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�')���������
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T
here is a bijection

betw
een the set of languages

over the alphabet S
=

{0,1} and the uncountable
set of infinite bit strings {0,1} ¥.
�

T
here are uncountable m

any different

languages LÍ
{0,1}*.

�
H

ence there is no surjection possible from
 the

countable set of T
M

s to the set of languages.
S

pecifically, the m
apping L(M

) is not surjective.

C
onclusion: T

here are languages that are not
T

uring-recognizable. (A
 lot of them

.)
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W
e now

 know
 that there are languages that

are not T
uring recognizable, but w

e do not 
know

 w
hat kind of languages are non-T

M
 

recognizable.

A
re there interesting languages for w

hich 
w

e can prove that there is no T
uring

m
achine that recognizes it?

	�

��
�	�
�9����	���	�	��,8/

C
onsider –again–

the acceptance language
A

T
M

=
 { <M

,w
>

| M
 is a T

M
 that accepts w

 }.

P
roof that A

T
M

is not T
M

-decidable 
(C

ontradiction) A
ssum

e that T
M

 G
 decides A

T
M :

  
=

�
�������

�	��
�
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F
rom

 G
 w

e construct a new
 T

M
 D

 that w
ill get

us into trouble…
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T
he T

M
 D

 w
orks as follow

s on input  <M
>

(a T
M

):
1)

R
un G

 on <M
,<M

>
>

2)
D

isagree w
ith the answ

er of G
(T

he T
M

 D
 alw

ays halts because G
 alw

ays halts.)

�� �� �
=

MM, 
accepts G if 

reject""
MM, rejects

 G if accept"
"MD

In short:

�� �� �
=

�
�������

�
�	�


�
��

���

������

�

�
�������

�	��
�

�	�

�

��
���

�������
�

�
�

H
ence:

N
ow

 run D
 on <D

>
(“on itself”)…

�
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�������

�
�

�
R

esult:

T
his does not m

ake sense: D
 only accepts

if it rejects, and vice versa. 
(N

ote again that D
 alw

ays halts.)

C
ontradiction: A

T
M

is not T
M

-decidable
.

T
his proof used diagonalization

im
plicitly…
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�
�

�

� �

accept
accept

M M
accept

accept
accept

accept
M

accept
accept

M
M

M
M

M

4 3 2 1
43

21
‘A

cceptance behavior’of M
i on <M

j >

�
�

!��	�(�
%
���

%

�,5/

�
�

�

� �

reject
reject

accept
accept

M
reject

reject
reject

reject
M

accept
accept

accept
accept

M
reject

accept
reject

accept
M

M
M

M
M

� � � �

�
�

�
�

‘D
eciding behavior’of G

 on <M
i ,<M

j >
>
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D
isagreeing D

 has to occur in list as w
ell…

�
�

!��	�(�
%
���

%

�,@
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�

� �
�

�

�

�
�
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C
ontradiction for D

 on input <D
>.
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T
he “S

elf-referential paradox”
occurs w

hen w
e

force the T
M

 D
 to disagree w

ith itself.

O
n the one hand, D

 know
s w

hat it is going to
do on input <D

>, but then it decides to do 
som

ething else instead.

“Y
ou cannot know

 for sure w
hat you w

ill do in 
the future, because then you could decide to 
change your actions and create a paradox.”

�
�

$��%
�!�%

�������	��)��&

T
he diagonalization

m
ethod im

plem
ents the self-

reference paradox in a m
athem

atical w
ay.

In logic this approach is often used to prove that 
certain things are im

possible.

K
urt G

ödel gave a m
athem

atical equivalent of
“T

his sentence is not true.”
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A
T

M
is not T

M
-decidable, but it is T

M
-recognizable ?

T
heorem

: A
T

M
is recognizable 

P
roof: It is suffcientto sim

ulate M
. R

un the M
 on w

. 
If M

 accepts, then accept

�
�

')�9����

�	�����

A
T

M
is not T

M
-decidable, but it is T

M
-recognizable.

W
hat about a language that is not recognizable?

T
heorem

: If a language A
 is recognizable 

and its com
plem

ent �
is recognizable, then A

is T
uring m

achine decidable.

P
roof:

R
un the recognizing T

M
s for A

 and �
in

parallel on input x. W
ait for one of the T

M
s to 

accept. If the T
M

 for A
 accepted: “accept x”;

if the T
M

 for �
accepted: “reject x”.



�
	

B
��

	���
��')�!��

�	�����

B
y the previous results it follow

s that �
T

M
cannot

be T
M

-recognizable, because this w
ould im

ply
that A

T
M

is T
M

 decidable.

W
e call languages like Ā

T
M

co-T
M

 recognizable.

T
M

 recognizableco-T
M

 recognizable

T
M

 decidable

��


'&
	�
���&

���')������
��+

"

E
Q

T
M

=
 { <G

,H
>

| G
 and H

 are T
M

s 
w

ith L(G
)=

L(H
) }

E
T

M
=

 { <G
>

| G
 is a T

M
 w

ith L(G
)=Æ

}

T
he follow

ing languages are also unrecognizable:

T
o be precise:

•
E

T
M

is co-T
M

 recognizable
•

E
Q

T
M

is not even co-T
uring recognizable
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co-T
M

 recognizable

T
M

-recognizable

T
M

 decidable

E
T

M
=

 { <M
>

| M
 is a T

M
 w

ith L(M
)=

Æ
}

E
Q

T
M

=
 { <G

,H
>

| G
,H

 T
M

s w
ith L(G

)=
L(H

) }

A
T

M
=

 { <M
,w

>
| M

 is a T
M

 that accepts w
 }

A
ll languages���

!����	�	�	��
!����	�	�	��
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It required quite som

e effort to prove that A
T

M
is 

not T
M

-decidable.

B
ut now

 w
e can build on this result as follow

s:

If “L is T
M

-decidable”
im

plies “A
T

M
is decidable”,

then L is not decidable.

T
ypical proof outline: 

Let M
 be the T

M
 that decides L; w

ith this M
 as a

subroutine, the follow
ing T

M
 […

.] decides A
T

M .
C

onclusion: M
 is not T

M
-decidable.

114
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T
heorem

: T
he ‘halting problem

’language
H

A
LT

T
M

=
 { <M

,w
>

| the T
M

 M
 halts on input w

 }
is undecidable

(but of course recognizable).

P
roof:Let G

 be a T
M

 that decides H
A

LT
T

M .
T

he follow
ing T

M
 decides A

T
M :

1.
O

n input <M
,w

>
run G

 to decide halting
2.

If G
 rejected <M

,w
>

then “reject”
3.

If G
 accepted <M

,w
>

then copy (reject/accept) output of M
 on w

.
(N

ote that this T
M

 alw
ays produces an output.)

A
T

M
is undecidable, hence such a G

 cannot exist.
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T
heorem

: T
he language of non-accepting T

M
s

E
T

M
=

 { <M
>

| M
 is a T

M
 w

ith L(M
)=

Æ
}

is not decidable (but co-T
M

 recognizable).

R
eduction proof: Let G

 be a T
M

 that decides E
T

M …

B
ut how

 to deal w
ith input<M

>
versus <M

,w
>?

P
roof idea : G

iven <M
,w

>, w
e w

ill m
ake a different

T
uring m

achine P
M

w
such that the answ

er to 
“P

M
w Î

E
T

M ?”
w

ill also answ
er “<M

,w
>

Î
A

T
M ?”

���

����	�����'���	�
�,5/

P
roof: G

iven <M
,w

>, define the T
M

 P
M

w
by:

P
M

w
=

 “O
n input x:

1.
If x¹w

 then “reject”
2.

If x=
w

 then run M
 on w

If M
 accepts w

 then “accept”
B

y construction:
E

ither L(P
M

w )=
{w

} if and only if M
 accepts w

,
or L(P

M
w )=

Æ
if and only if M

 does not accept w
.

D
eciding “P

M
w Î

E
T

M ?”
decides “<M

,w
>

Î
A

T
M ?”
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F
inal proof: Let G

 be a T
M

 that decides E
T

M .
C

onsider the follow
ing T

M
 on input <M

,w
>

1) C
onstruct T

M
 P

M
w

2) R
un G

 on P
M

w

3) If G
 accepts P

M
w

then “reject”
<M

,w
>

4) If G
 rejects P

M
w

then “accept”
<M

,w
>

B
ecause:

<P
M

w >
Ï

E
T

M
Ü

�
M

 accepts w
 Ü

�
<M

,w
>

Î
A

T
M

the above T
M

 decides A
T

M , this T
M

 cannot exist.
C

onclusion : E
T

M
is not T

M
-decidable.

���

!	��;��'&
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C
onsider the generic T

M
-related language

T
=

 { <M
>

| M
 is a T

M
 for w

hich a property P
 holds }

R
ice’s T

heorem
: If

P
 is such that

1) L(M
1 ) =

 L(M
2 ) im

plies “<M
1 >

Î
T

 Ü
�

<M
2 >

Î
T

”
(T

hat is: “M
Î

T
?”

depends only on L(M
).)

2) T
here are tw

o T
M

s M
1

and M
2

w
ith 

<M
1 >

Î
T

 and <M
2 >

Ï
T

(T
he language T

 is non-trivial.)

T
hen

the language T
 is undecidable.
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A
ssum

e that there is a T
M

 G
 that decides T

…

A
s w

ith the em
ptiness language w

e w
ill take

an input <M
,w

>
for an A

T
M

question, and turn
it into a single T

M
 P

w
such that deciding 

“<P
M

w >
Î

T
?”

also decides “<M
,w

>
Î

A
T

M ?”

P
M

w :

M
 accepts w

?
act like a T

M
Î

T

act like a T
M

 Ï
T

��


��
�	�
�!	����
��-

P
roof: G

iven <M
,w

>, define the T
M

 P
M

w
by:

P
M

w
=

 “O
n input x:

1.
R

un M
 on w

2.
If M

 rejected then “reject”
x

3.
If M

 accepted then run Q
 on x

B
y construction:

•
If M

 on w
 rejects or never stops: L(P

M
w )=

Æ
•

If M
 accepts w

: L(P
M

w ) =
 L(Q

) 
D

eciding “P
M

w Î
T

?”
decides “<M

,w
>

Î
A

T
M ?”

T
M

s w
ith em

pty language are either in T
 or not.

A
ssum

e that em
pty

language Ï
T

, and <Q
>

Î
T

.
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Let G
 be a T

M
 that decides T

.
T

he follow
ing T

M
 w

ould decide A
T

M
(input <M

,w
>):

1) G
iven M

 and w
, m

ake P
M

w
as described before

2) G
ive sam

e answ
er as G

 on <P
M

w >

C
orrectness proof:

-
If M

 accepts w
: L(P

M
w ) =

 L(Q
), hence <P

M
w >

Î
T

-
If M

 does not accept w
, then L(P

M
w )=

Æ
: <P

M
w >

Ï
T

122
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A
lm

ost any language property of T
uring m

achines
is undecidable:

R
egularT

M
=

 { <M
>

| L(M
) is a regular language }

F
inite

T
M

=
 { <M

>
| L(M

) is a finite language }

C
F

G
T

M
=

 { <M
>

| L(M
) is a C

F
G

 language }
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A
s you w

ould expect, the equality language

E
Q

T
M

=
 { <M

1 ,M
2 >

| M
1 ,M

2
T

M
s, L(M

1 )=
L(M

2 ) }
is undecidable.

P
roof Idea : D

eciding E
Q

T
M

for a fixed M
2

gives
already contradictory conclusions.

Let M
Æ

be a T
M

 w
ith L(M

Æ )=Æ
.

A
 T

M
 that decides E

Q
T

M
can also decide E

T
M

by deciding “<M
1 ,M

Æ >
Î

E
Q

T
M ?”

E
Q

T
M

is not even T
M

 or co-T
M

 recognizable…

���

�	�	����$��������&
���%

��

O
ur reductions have been very straightforw

ard: 
“A

 T
M

 for this language can be transform
ed into 

a sim
ilar T

M
 that decides another language”

A
s a result, the provable undecidable

languages
are very alike A

T
M , E

Q
T

M , H
A

LT
T

M , et cetera.

F
or languages concerning questions not about

T
M

s w
e have to use a m

ore refined reduction.
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A
n accepting com

putation history
for a T

M
 M

 on a
string w

 consists of a sequence of configurations 
C

1 ,C
2 ,…

,C
k

such that the follow
ing properties hold:

1.
C

1
is the start configuration of M

 on w
2.

E
ach C

j+
1

follow
s properly from

 C
j

3.
C

k
is an accepting configuration

O
bservation: S

tating “<M
,w

>
Ï

A
T

M ”
is equivalent 

w
ith stating “T

here is no accepting com
putation 

history C
1 ,…

,C
k

for M
 on w

”.

���

:	�����;��82�&
���
������
�	�

D
ecision problem

:

Let P
(x

1 ,…
,x

n ) be a polynom
ial in n variables

$(x
1 ,…

,x
n )Î

Z
n: P

(x
1 ,…

,x
n ) =

 0?

E
xpress com

putation histories as sequences 
(xÎ

Z
n) of num

bers and the statem
ent

“x
encodes an accepting history for M

 on w
”

by a polynom
ial equation “P

M
w (x) =

 0”.

T
hen, deciding “<M

,w
>

Î
A

T
M ?”

is equivalent 
w

ith deciding “$xÎ
Z

n: P
M

w (x) =
 0?”
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R
em

em
ber the language

E
Q

C
F

G
=

 {<G
1 ,G

2 >
| G

1 ,G
2

C
F

G
s

L(G
1 )=

L(G
2 ) }?

W
e can prove the undecidability

of this language
w

ith the use of com
putation histories.

G
oal: Linking A

T
M

w
ith E

Q
C

F
G

T
his w

ill require som
e careful steps.

���

��	�	��� ������

<M
,w

>
Î

A
T

M
equals

“T
here is an accepting history x of M

 on w
.”

Let’s try to express this as:
<x>

Î
L

C
F

G , w
here L

C
F

G
is som

e C
F

 language.

P
roblem

: “<x>
Î

L
C

F
G ?”

is decidable…
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<M
,w

>
Ï

A
T

M
equals

“T
here is no accepting history x of M

 on w
.”

equals 
“A

ll histories x are non-accepting for M
 on w

”

Let’s try to express this as:
“A

ll <x>
Î

L
C

F
G ”, 

w
here L

C
F

G
is som

e C
F

 language that contains all
descriptions of non-accepting histories of M

 on w

��


 �$���	%
	���#�

G
iven a T

uring m
achine M

 and input w
, w

e have 
to m

ake a context-free gram
m

ar G
 such that:

xÎ
G

   if and only if   x does not encode an 
accepting history of M

 on w

Let x encode the history C
1 ,…

,C
k , then xÎ

G
 if

1) C
1

not proper starting configuration, or
2) T

here is an im
proper C

j ®
C

j+
1

transition, or
3) C

k
is not an accepting configuration.

W
e can do this (C

F
L are closed under ‘or’).
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W
ith the previous outline, w

e can prove that 
deciding the language 
A

LL
C

F
G

=
 {<G

>
| G

 is C
F

G
, L(G

)=S
* } 

enables us to decide the undecidable
A

T
M

T
heorem

: A
LL

C
F

G
is undecidable

C
orollary: T

he language is E
Q

C
F

G
undecidable. 

P
roof: T

ake G
* such that L(G

* )=
 S

*, and ask
“<G

1 ,G
* >

Î
E

Q
C

F
G ?”

���

)���	�
�!����	�	�	��

T
hus far, w

e used reductions inform
ally:

If “know
ing how

 to solve A
”

im
plied “know

ing how
 

to solve B
”, then w

e had a reduction from
 B

 to A
.

S
om

etim
es w

e had to negate the answ
er to the

“Î
A

?”
question, som

etim
es not.  In general, it 

w
as unspecified w

hich transform
ations w

ere
allow

ed around the “Î
A

?”-part of the reduction.

H
ere now

 com
es rigor…
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A
 function f:S

*®
S

* is a T
M

-com
putable function

if there is a T
uring m

achine that on every input
w

ÎS
* halts w

ith just f(w
) on the tape.

A
ll the usual com

putations (addition, m
ultiplication,

sorting, m
inim

ization, etc.) are all T
M

-com
putable.

Im
portant here is that alternations to T

M
s, like 

“given a T
M

 M
, w

e can m
ake an M

’such that…
”

can also be described by com
putable functions

that thus have f(<M
>) =

 <M
’>. 

���

)���	�
�!����	���

A
 language A

 is m
apping reducible

to a another
language B

 if there is a T
M

-com
putable function

f:S
*®

S
* such that:  w

ÎÎÎ Î
A

 ÜÜÜ Ü
⇒

f(w
)ÎÎÎ Î

B
for every w

ÎS
*.

A
B

f f
T

erm
inology/notation:

•
A

 £
m

B
•

function f is the 
reduction

of A
 to B

•
also called:
“m

any-one reducible”
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A
f f

B

T
he language B

 can be m
ore difficult than A

. 

T
ypically, the im

age f(A
) is only a subset of B

,
and f(S

*\A
) a subset of S

*\B
.

“Im
age f(A

) can be the easy part of B
”.

���

+
��	������ �

£
�

�

A
f f

B

If A
 is a decidable language, then A

 £
m

B
 for every 

nontrivial B
. (Let 1Î

B
 and 0Ï

B
.)

B
ecause A

 is decidable, there exists a T
M

 M
 such that M

 outputs 
“accept”

on every xÎ
A

, and “reject”
on xÏ

A
. 

W
e can use this M

 for a T
M

-com
putable function f w

ith

f(x)=
1Î

B
 if xÎ

A
and   f(x)=

0Ï
B

 if xÏ
A

 

“T
he function f 

does all the 
decision-w

ork”
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£
�

�����	�


T
heorem

: If A
£

m B
and B

 is T
M

-decidable,
then A

 is T
M

-decidable.
P

roof: Let M
 be the T

M
 that decides B

 and f the
reducing function from

 A
 to B

. C
onsider the T

M
:

O
n input w

:
1) C

om
pute f(w

)
2) R

un M
 on f(w

) and give the sam
e output.

B
y definition of f: if w

Î
A

 then f(w
)Î

B
.

M
 “accepts”

f(w
) if w

Î
A

, and 
M

 “rejects”
f(w

) if w
Ï

A
.

���

9����	���	�	��
�����
£

�
�����

C
orollary: If A

£
m B

and A
 is undecidable,

then B
 is undecidable

as w
ell.

P
roof: Language A

 undecidable
and B

 decidable
contradicts the previous theorem

.

E
xtra: If A

£
m B

, then also for the com
plem

ents 
(S

*\A
) £

m
(S

*\B
)

P
roof : Let f be the reducing function of A

 to B
w

ith w
Î

A
 Ü

�
f(w

)Î
B

.  T
his sam

e com
putable

function also obeys “vÎ
(S

*\A
) Ü

�
f(v)Î

(S
*\B

)”
for all vÎS

*
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T
heorem

: If A
£

m B
and B

 is T
M

-recognizable,
then A

 is T
M

-recognizable.
P

roof: Let M
 be the T

M
 that recognizes B

 and f 
the reducing function from

 A
 to B

. A
gain the T

M
:

O
n input w

:
1) C

om
pute f(w

)
2) S

im
ulate M

 on f(w
) and give the sam

e result.

B
y definition of f: w

Î
A

 equivalent w
ith f(w

)Î
B

.
M

 “accepts”
f(w

) if w
Î

A
, and 

M
 “rejects”

f(w
)/does not halt on f(w

) if w
Ï

A
.

��


9����

�	���	�	������
£

�

C
orollary: If A

£
m B

and A
 is not T

uring-recognizable,
then B

 is not recognizable as w
ell.

P
roof : Language A

 not T
M

-recognizable and B
recognizable contradicts the previous theorem

.

E
xtra: If A

£
m B

and A
 is not co-T

M
 recognizable, 

then B
 is not co-T

uring-recognizable as w
ell.

P
roof: If A

 is not co-T
M

-recognizable, then the
com

plem
ent (∑

*\A
) is not T

M
 recognizable.

B
y

A
£

m B
w

e also know
 that (∑

*\A
) £

m
 (∑

*\B
).

P
revious corollary: (∑

*\B
) not T

M
 recognizable, hence 

B
 not co-T

uring-recognizable .
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A
d nauseam

: T
he em

ptiness language 
E

T
M

=
 { <M

>
| M

 is a T
M

 w
ith L(M

)=
Æ

}
is not T

uring recognizable.
S

im
ple proof via (�

T
M

£
m

E
T

M ):
Let f on input <M

,w
>

give <M
’>

as output w
ith:

M
’: Ignore input

R
un M

 on w
If M

 accepted w
 then “accept”

otherw
ise “reject”

N
ow

: <M
,w

>
Î

�
T

M
Ü

�
f(<M

,w
>) =

 <M
’>

Î
E

T
M

���

$
���&
	�
�	����	����	��	�
�C

co-T
M

 recognizable

T
M

-recognizable

T
M

 decidable

E
T

M
=

 { <M
>

| M
 is a T

M
 w

ith L(M
)=

Æ
}

E
Q

T
M

=
 { <G

,H
>

| G
,H

 T
M

s w
ith L(G

)=
L(H

) }

A
T

M
=

 { <M
,w

>
| M

 is a T
M

 that accepts w
 }

A
ll languages
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P
roof(by show

ing �
T

M
 £

m
 E

Q
T

M ):

Let f on input <M
,w

>
give <M

1 ,M
2 >

as output w
ith:

M
1 : “reject”

on all inputs
M

2 : Ignore input
R

un M
 on w

“accept”
if M

 accepted w

W
e see that w

ith this T
M

-com
putable f:

<M
,w

>
Î

�
T

M
Ü

�
f(<M

,w
>) =

 <M
1 ,M

2 >
Î

E
Q

T
M

B
ecause �

T
M

is not recognizable, so is E
Q

T
M .

���

�D
��

	���
���
�')�!��

�	�����

P
roof(by show

ing A
T

M
 £

m
 E

Q
T

M ):

Let f on input <M
,w

>
give <M

1 ,M
2 >

as output w
ith:

M
1 : “accept”

on all inputs
M

2 : Ignore input
R

un M
 on w

“accept”
if M

 accepted w

W
e see that w

ith this T
M

-com
putable f:

<M
,w

>
Î

A
T

M
 Ü

�
f(<M

,w
>) =

 <M
1 ,M

2 >
Î

E
Q

T
M

B
ecause A

T
M

is not co-recognizable, so is E
Q

T
M .
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£££ £
m

A
T

M

�
T

M

E
Q

T
M

£££ £
m

?

£££ £
m

£££ £
m

£££ £
m

TRIVIAL

DECIDABLE

���

 �
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%
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%
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Let us consider the theory of natural num
bers w

ith the operators
+

 and *

"
q $p "

x,y [ p>
q &

 (x,y>
1 ®

xy¹p) ] 
"

a,b,c,n [ (a,b,c>
0 &

 a
n+

b
n=

c
n) ®

n£2 ]
"

q $p "
x,y [ p>

q &
 (x,y>

1 ®
(xy¹p

&
 xy¹p+

2)) ]

Let T
h(N

,+
,*) denote the set of all valid sentences in such a theory

2
-��3� ����������	
�����	+

+

3���
	������#	����	������	���	�����	�����������	�	�
������	����������

���	������#	�
���������������	��������	�������	�	��
��	������������	�

���	��	��	�
	�����������������	������	����
�
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S
ketch:  

F
or each T

M
 M

, it is possible (not described here) to define a 

sentence $x R
M

,w
, in the F

O
L of the natural num

bers w
ith +

 

and *, that is true if x, w
hich is free in *M,w , is a correct 

accepting history of w
 on M

.

T
hus, let M

2
be a m

achine that decides -��3� ����
+

���
�&
��
�
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It  is even w
orse:

natural num
ber theory cannot be axiom

atized

G
ödel’s incom

pleteness theorem
•

N
o sound and com

plete set of axiom
s for the theory of natural 

num
ber is recursively enum

erable

���

��

%

S
ketch:  

Let us suppose, by reduction to absurd reasoning,  that there 
is a recursively enum

erable set of axiom
s for integer num

ber 
theory.

T
hen the valid sentences of the theory are recursively 

enum
erable. S

ince, the for each sentence A
, either A

 or Ø
��

�	������&
���
��������	
��
�

	���
���	���

��� �
+
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S
pecial results m

ay hold for special theories, f.i

�
T

h(N
,+

) is a T
M

-decidable set

�
T

h(N
,+

,´) is a not a T
M

-recognizable set

�
T

h(R
,+

,´) is T
M

-decidable

�
m

onadic predicate logic (predicates w
ith only one         

param
eter) is decidable

�
validity of bounded sentences (f.i. $���)*��

) is decidable
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S
tandard inform

ation theory considers each n bit-
string in {0,1} n

equal.

H
ow

ever, w
e feel a difference betw

een the string
“0101010101010101010101010101010101

”
and the string (of equal length)
“0101110101001010001110001100011011

”.

W
e consider the first string m

ore ‘regular’than 
the second one.



163

!�
����	��

W
e can give a short description of  “0101010101

010101010101010101010101
”

by “17 tim
es 01

”.

F
or the other “01011101010010100011100011

00011011
”

this seem
s m

ore problem
atic.

T
his suggests:

A
 regular string is a string that has a short 

description; an irregular one has no such sum
m

ary.

���

F
'��	�
�+

����	�����;

K
ey idea: W

e allow
 a T

uring m
achine M

 w
ith 

input y as a description of a string x if the output 
of M

 on y equals x.

A
n x w

ill have m
any different descriptions (M

,y).
W

e consider the size of the shortest description
as an indication of the intrinsic com

plexity
of x.
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T
he description of the T

M
 M

 and its input y is
going to be one long bit-string:

�
�

�
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�
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�
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�
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�
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�
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�����

��
	
����

�

������
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�
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�
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H
ow

 do w
e know

 w
here <

M
>

 stops and <
y>

 starts?

W
e w

ill use a self-delim
iting code for <

M
>

:
tw

o bits “00”
for ‘zero’, 

tw
o bits “11”

for ‘one’, and 
“01”

for ‘end of string’.
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F
or the encoding of M

 and x w
e concatenate the 

self-delim
iting/double bit description of M

 w
ith y.

H
ence from

 now
 on: <M

,y>
 =

 <
M

>
y.

F
or the length of <

M
,y>

 this im
plies:

|<
M

,y>
| =

 |<
M

>
| +

 |y|

N
ote that the yÎ

{0,1}*  is encoded trivially.
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(F
ix a universal T

uring m
achine U

.)

T
he descriptive com

plexity
K

(x) of a string x is 
the length |d(x)| of its m

inim
al description:

{
}��

�������
���

	
�
�
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�
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A
lso know

n as: algorithm
ic com

plexity, or 
K

olm
ogorov (S

olom
onoff-C

haitin) com
plexity.
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Let us find a suitable coding to compress the information …
�Messages has to be sent through a communication channel. 
�The messages are sequences of symbols in the alphabet S=

1	� &
2&

	� 3+.
Description length theory point of view
�To codify a message we send

�a description of the alphabet S,  
it has a fix cost C

�

�
��	����	�����	�
��	�	�	��������	�������	�
	�
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S
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S
E

B
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X
?

Y

W
e w

ant to define a m
odel that explains a set of observations X

� ,…,X
�

and Y
� ,…,Y

� of a system
. If several m

odels are available, w
hich one has 

to be selected?

T
he goals

�
the m

odel should be able to explain w
ell the observations

�
the m

odel should be sim
ple

+

����
����
�����������

�
<

M
>

 is m
inim

um
�

,�-�'.
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“It is vain to do w
ith m

ore w
hat 

can be done w
ith few

er.”

W
illiam

 of O
ckham

 (1290–1349)

A
lternatively: 

“E
ntities should not be 

m
ultiplied beyond necessity.”
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The minimum description length theory suggests to minimize <M>D
(an intuitive sketch)
�To minimize <M>

The weights of the neural network must be kept small, in order to 
minimize the precision required for its representation

�To minimize Dthe expected difference between the predicted output and the actual 
output must be kept small, in order to minimize the precision 
required for its representation

Thus we have to minimize(
)

(
)

�
�

=
=

+
-

mi
i

ni
i

i
w

X
M

Y
1

1

log
)

(
log

b
a

���

:
(�9�	�������	��I=

R
ecall: (F

ix a universal T
uring m

achine U
.)

{
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P
roblem

: T
he function K

 depends on the universal
U

 that is used: w
e should say K

U
instead of K

…

M
aybe that for another T

M
 V

, the com
plexity 

m
easure K

V
is m

uch sm
aller than K

U ?
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T
heorem

: Let U
 be a universal T

M
, then

for any other description m
ethod V

, w
e have

K
U (x) £

K
V (x) +

 c  for all strings x. 

N
ote that the constant c depends on V

 and U
, 

but not on x.
P

roof: B
ecause U

 is universal, w
e can give a 

finite description to U
 how

 it should sim
ulate V

.
Let this description be of size c.

���

 �����	
���#	����!�����

T
heorem

: T
here exists a constant c, such

that K
(x) £

|x| +
 c, for every x. (“T

he com
plexity of

a string can never be m
uch bigger than its length.”)

P
roof: Let M

 be the T
M

 that sim
ply outputs its

input string y: M
(y)=

y.  
T

hen <
M

>
x is a description of x, and hence

K
(x) £

|<
M

>
| +

 |x|.  Let c=
|<

M
>

|.

(H
ere w

e benefit from
 our w

ay of encoding (M
,y).
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T
heorem

: T
here is a constant c such that

K
(xx) £

K
(x) +

 c, for every string x.

P
roof: T

ake the T
M

 M
 that given input <

N
>

x:
1) C

alculate the output s of N
 on x

2) O
utput ss

Let d(x) be the m
inim

um
 description <

Q
>

r of x,
then <

M
>

d(x) w
ill give a description of xx.

H
ence, K

(xx) £
|<

M
>

| +
 |d(x)| =

 K
(x) +

 c.

180

�
��������	
�

Y
ou w

ould expect that for all strings x and y:
K

(xy) £
K

(x) +
 K

(y) +
 c, for som

e c.
H

ow
ever, this is not true.

T
he problem

 lies –again–
in the separation 

betw
een d(x) and d(y).  

Instead, w
e have a constant c such that:

K
(xy) £

K
(x) +

 K
(y) +

 2log(K
(x)) +

 c, 
for all strings x and y.
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T
heorem

: T
here is a c such that

K
(xy) £

K
(x) +

 K
(y) +

 2log(K
(x)) +

 c, for all x,y.

P
roof: Let m

 be the logarithm
 of |d(x)|, then the

string “1
m0

<
|d(x)|>

 d(x)”
gives a self-delim

iting
description of x.
(W

e need 2m
 bits to indicate the length of d(x).)

H
ence the input “1

m0
<|d(x)|>

 d(x) d(y)”
gives an 

unam
biguous description of xy.

A
lternatively, w

e could double the representation of x, obtaining 
a less tight bound K

(xy) £
2K

(x) +
 K

(y) +
 c

���

���
������	�	�	��

T
heorem

: F
or every n there exists at least 

one incom
pressible string xÎ

{0,1} n
w

ith K
(x)³n.

P
roof:

–
T

here are 2
n

different strings x in {0,1} n.
–

T
here is one description of length 0, tw

o
descriptions of length 1,…

, and 2
n–1

descriptions
of length n–1.  
In total: 2

n–1 descriptions of length sm
aller than n.

H
ence, there has to be an xÎ

{0,1} n
that has a 

m
inim

al description of at least n bits.
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T
heorem

: F
or every n there exists at least 

2
n-2

n-c+
1

+
1 strings that are incom

pressible  by c, i.e. such 
that satisfy k(x)>

|x|-c

P
roof: A

s in the previous theorem
, there is only 2

n-c+
1

-1  
descriptions (strings) having length sm

aller or equal to n-c

���

�
���	�
���	����������&
����

Q
: H

ow
 m

any prim
es are there less than n?

Let p
1 ,…

,p
m

be the m
 prim

es £
n.

W
e know

 that w
e can describe n by:m

em
e

e
p

p
p

n
� 2

1
2

1
×

=
H

ence <
e

1 ,…
,e

m >
 gives a description of n.

�
F

or each j w
e have: e

j £
log(n).T

hus
<

e
1 ,…

,e
m >

requires less than
m

·log(log(n)) bits.
�

B
y, incom

pressibility, there are n w
ith K

(n) ³
log(n).

C
onclusion : m

 ³
log(n) / log(log(n)) for those n.
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. H
ence <

e
1 ,…

,e
m >

 gives
a description of N

. F
or each j w

e have: e
j £

log(n).

m
em

e
e

p
p

p
n

� 2
1

2
1

×
=

�
T

here is an encoding y
n

of e
1 ,…

,e
m

w
ith |y

n | £
m

·log(log(n)). 
T

he total description <M
>

y
n

requires no m
ore than

c +
 m

·log(log(n)) bits.
�

F
or n w

ith K
(n) ³

log(n), w
e thus have the bound: log(n) £

m
·log(log(n)) +

 c, w
hich im

plies
�

m
 ³

log(n)/log(log(n)) –
c/log(log(n)) 

for arbitrary big n.

���

,9�/�
������	�	���
%
�I

T
o w

hich extent can w
e know

 the value K
(x)?

�
K

(x) £
n can be proven by a specific exam

ple
<

M
>

y (w
ith total length £

n) that produces x.
�

F
or K

(x) ³
n w

e w
ould have to prove that all 

<
M

>
y (w

ith length <
 n) do not produce x…

K
 can only be approxim

ated ‘from
 above’.

T
rue statem

ents like “K
(x)

£
n”

are recognizable,
but not T

M
-decidable.
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“T
he least num

ber that cannot be
defined in few

er than tw
enty w

ords.”

B
y form

alizing this paradox w
e w

ill see that the
problem

 lies in recognizing that a num
ber

cannotbe described in few
er than 20 w

ords.

(T
here is no  problem

 w
ith form

alizing “defined”.)

���
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Proof by contradiction: Assum
e C decidable.

C
onsider the follow

ing T
M

 M
 (on input n):

1) T
ake s=

e
2) D

ecide <
s,n>

 Î
C

?
3) If answ

er “no”, 
then increase s lexicographically; go to 2)

4) If answ
er “yes”, then print s and halt.

T
he descriptive length of <

M
>

n is c
M +

log(n)…

R
ichard-B

erry P
aradox T

heorem
:

T
he set C

 =
 { <

x,n>
 | K

(x) ³
n  } is not decidable.
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…
T

he descriptive length of <
M

>
n is c

M +
log(n). 

T
ake n big enough such that n >

 c
M +

log(n).
(T

he original paradox has n equal “20 w
ords”.)

T
hen the length of <

M
>

n is less than n, but it 
outputs/describes a string s w

ith K
(s) ³

n.
C

ontradiction.

T
he set { <

x,n>
 | K

(x) ³
n  } is not decidable.

(B
ut it is co-T

M
 recognizable.)

�	


�
������	
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����,8/

T
he im

possibility of calculating K
 gives a sim

ple
w

ay of rephrasing G
ödel’s incom

pleteness thm
.

Let A
 be an attem

pt to find the com
plete set of

axiom
s and derivation rules for T

h(N
,+

,´).

T
here exists an n

A
w

hich is a constant that depends 
only on the size of A

 in bits, such that…
…

w
ith A

 w
e cannotprove any

of the true 
statem

ents “K
(x) >

 n
A ”.
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F
or any string x, the statem

ent “K
(x) >

 n”
can be

expressed as a potential elem
ent of T

h(N
,+

,´).

(W
e can form

alize “K
(x) >

 n”
in the language of

the theory of natural num
bers, +

, and ´.)

C
onsider the follow

ing program
 that uses A

 and n:
1) E

num
erate a statem

ents that follow
s from

 A
2) If this statem

ent is of the form
 “K

(x) >
 n”,

then print(x) and halt
3) O

therw
ise: generate next statem

ent and go to 2)192

�
������	
�������E
����,./

1) E
num

erate a statem
ents that follow

s from
 A

2) If this statem
ent is of the form

 “K
(x) >

 n”,
then print(x) and stop

3) O
therw

ise: generate next statem
ent and go to 2)

T
he above program

 can be expressed w
ith 

less than 2|A
| +

 2log(n) +
 c bits. 

(T
he constant c does not depend on A

 or n.)

A
lso, the program

 outputs a string x w
ith K

(x)>
n.

C
ontradiction if n >

 2|A
| +

 2log(n) +
 c.
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1) E
num

erate a statem
ents that follow

s from
 A

2) If this statem
ent is of the form

 “K
(x) >

 n
A ”,

then print(x) and stop
3) O

therw
ise: generate next statem

ent and go to 2)

S
um

m
ary:

C
onsider a system

 of axiom
s/derivations A

.
T

ake an n
A

w
ith n

A
>

 2|A
| +

 2log(n
A ) +

 c.
T

his program
 of length 2|A

| +
 2log(n

A ) +
 c:

w
ould print an x w

ith K
(x) >

 2|A
| +

 2log(n
A ) +

 c.

C
ontradiction: A

 cannot prove K
(x) >

 n
A .  

�	�
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S
um

m
ary:

C
onsider a system

 of axiom
s/derivations A

.
T

ake an n
A

w
ith n

A
>

 2|A
| +

 2log(n
A ) +

 c.

W
ith A

 w
e cannot prove “K

(x) >
 n

A ”
for any x.

T
his is a very strong result: 

·
F

or all but 2
n

A +
1–1 strings, “K

(x) >
 n

A ”
is true.

·
T

he statem
ent “K

(x) >
 n

A ”
does not use

the content of A
 at all, only the size |A

|.

“Y
ou can’t prove a theorem

 of one kilogram
w

ith only one gram
 of axiom

s.”
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Let M
 be a Turing m

achine that halts on all inputs.

D
efinition: The running tim

e or tim
e com

plexity
of M

 is the function f:N
®

N
, defined by

)
on x 
 

M 
of
 

steps
 

 tim
e

of
 

no.
(

m
ax

)
(

|
|

n
x

n
f

=
=

N
ote: W

orst case and size of the input x in bits.

•
“f(n) is the running tim

e of M
”

•
“M

 is an f(n) tim
e Turing m

achine”.
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D
efinition: For the function t:N

®
N

, 
the tim

e com
plexity class TIM

E(t(n)) is the set of decision 
problem

s:

TIM
E(t(n)) =

 { L | there is a TM
 that decides   

the language L in tim
e O

(t(n)) }

�	�

'&
���
���
�	���'	��������

D
efinition: The class of languages that can

be decided by a single tape TM
 in polynom

ial
tim

e is denoted by �
:�,...2,1k k)

n(
TIM

E
=

=
P

The problem
s in P are considered efficiently solvable.
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{
}G

in 
 

 v
n to
 

from
path 
 a 

is 
there

|)
,

,
(

v
n

G
P

A
T

H
=

{
}

prim
e

 
relatively
 

are
 b

 
and
 a

|)
,

(
b

a
R

E
LP

R
IM

E
=

A
C

F
G

=
 { <G

,w
>

| G
 is a C

F
G

 that generates w
 }

�
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D
efinition: The class coP

contains the languages w
hose 

com
plem

ent can be decided in polynom
ial tim

e

{
}P

Î
=

A
A

|
coP

Theorem
: The com

plem
ent polynom

ial class is equal to 
the polynom

ial class 

P
coP

=



�
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Proof
Let M

 be the D
TM

 that decide on A. Build M
2 such that

�
M

 is run on the input w
�

If M
 accepts, then reject

�
If M

 rejects, then accept 
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All reasonable com
putational m

odels are  polynom
ial-

tim
e/space equivalent:

•
It is possible to sim

ulate one m
odel by another 

m
odel w

ith only polynom
ial tim

e/space overhead. 

The answ
er to the question “A

Î
P?”

does not 
depend on the m

odel.



�
�

!����	
��&
	������(����'��	�
�

���&
	���

Theorem: Every t(n) time multitapeTuring machine has an 
equivalent O(t �(n)) time single-tape Turing Machine
Theorem : Every t(n) time single tape Turing machine has an 
equivalent O(t(n)) RAM program
Theorem: Every t(n) time RAM program  has an 
equivalent O(t �(n)) single tape Turing machine 
The computation time on different Turing machines differs for only 
a polynomial time term 
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Let M
=

(Q
,S

,G
,d,q

0 ,q
accept ,q

reject ) be a k-tape T
M

.
C

onstruct 1-tape M
’w

ith expanded G
’=

 G
È

G È
{#}

R
epresent M

-configuration 
u

1 q
j a

1 v
1 ,    u

2 q
j a

2 v
2 ,   …

, 
u

k q
j a

k v
k

by M
’configuration

,
q

j # u
1 a

1 v
1 # u

2 a
2 v

2 # …
# u

k a
k v

k

(T
he tapes are seperated

by #, the head 
positions are m

arked by underlined letters.)
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...
...

1
1

1
v

a
u

�
��������	

...
...

2
2

2
v

a
u

...
...

3
3

3
v

a
u

...
...

#
...

...
#

...
...

#
3

3
3

2
2

2
1

1
1

v
a

u
v

a
u

v
a

u
q

j

�

�
�

��
�	�
��&
���������	������')�	��

�<
�	��������
����	�
��������')

O
n input w

=
w

1 …
w

n , the T
M

 M
’does the follow

ing:
1.

P
repare initial string: #w

1 …
w

n #_#�
#_#_ �

2.
R

ead the underlined input letters ÎG
k

3.
S

im
ulate M

 by updating the input and the
underlining of the head-positions.

4.
R

epeat 2-3 until M
 has reached a halting state

5.
H

alt accordingly.

P
S

: If the update requires overw
riting a # sym

bol,
then shift the part # �

_ one position to the right.
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�
The 

sim
ulation 

of 
an 

operation 
of 

the 
m

ulti-tape 
operation 

can 
cost 

at 
m

ost 
m

, 
w

here 
m

 
is 

the 
dim

ension of the tape
�

m
 £t(n) holds, since the m

ulti-tape TM
 cannot w

rite 
m

ore than a sym
bol at every operation

�
thus, the num

ber of operation runs by the single tape 
TM

 is sm
aller than O

(m
t(n)) £

O
(t �(n)) 

�
�

9�����
������)
����=

Physical unrealistic requirem
ents for the proper 

functioning of the m
achine.

•
M

achines using elem
entary com

ponents w
ith infinite 

precision
•

U
nbounded parallel com

puting
•

M
achines that requires exponential space and energy.

•
Tim

e-travel com
puting
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Languages in P have poly-tim
e deciders.

Languages in N
P have poly-tim

e ‘verifiers’.

D
efinition: A verifier for a language A is a

program
 V such that

A =
 {<

w
>

 | V accepts <
w

,c>
 for som

e c}

The string c is the certificate that proves w
Î

A.

Rem
ark

�
the length of c is polynom

ial w
.r.t. w

��


�
�������	�	��	���
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D
efinition:

A language L is in N
P if and only if

L can be decided by a poly-tim
e by a nondeterm

inistic TM
.

D
efinition : N

P is the class of languages
that have polynom

ial tim
e verifiers.

The follow
ing is another equivalent definition

The problem
s in N

P are considered difficult to be solved.
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Proof
Let A

Î
N

P have an O
(n

�) tim
e verifier V.

A polynom
ial tim

e N
TM

 can guess the O
(n

�) certificate c
that V has to use for xÎ

A and sim
ulate V on <

x,c>
.

Let N
 be the O

(n
�) tim

e nondeter. decider for B.
The O

(n
�) guesses of N

 define a certificate c.
A polytim

e
determ

inistic V can sim
ulate N

 on <
x,c>

and verify “xÎ
B”

for every such x.
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A
 B

oolean variable
x can be T

R
U

E
 or F

A
LS

E
,  w

hich is also denoted 
by “1”

or “0”.

S
tandard B

oolean operations
are A

N
D

 (xÙ
y),O

R
 (xÚ

y), and N
O

T
 

(Ø
x or also x ).

T
ypical B

oolean form
ula: f(x,y) =

 (Ø
xÚ

y) Ù
(xÚ

Ø
y). T

his f
is 

satisfiable
(by the assignm

ents
x=

y=
T

R
U

E
 and x=

y=
F

A
LS

E
).

S
A

T
 =

 {<
f>

 | f
is a satisfiable

B
oolean form

ula}

S
A

T
 is in N

P
: 

�
a certificate is a assignm

ent of the variables that satisfies the 
form

ula. 
�

the certificate length is proportional to the num
ber of variables
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Exam
ple

�
does a given graph contains a clique?

the certificate is a coding of the clique nodes
�

is there a subset of integers in a given set that sum
 

to a given num
ber?

the certificate is a coding of the subset

{
}

clique
-

k 
a 

contains
G

 
|)

,
(

k
G

C
LIQ

U
E

=

{
}

� � �

� � �
=

Í
=

=
-

�Î
Y

i
i

n
x

t
S

Y
,..,x

x
S

S
U

M
S

U
B

S
E

T
such that 
 

 
exists

it 
  ,

 |
t)

(S
,

1

���

�����������			�			

�
The Clay M

athem
atics Institute nam

ed seven open 

problem
s in m

athem
atics the M

illennium
 Problem

s

�
Anyone w

ho solves any of these problem
s w

ill 

receive $1,000,000

�
Proving w

hether or not P equals N
P is one of 

these problem
s
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�
It is believed that P¹N

P

�
Several theorem

s in com
plexity theory are in the 

form
 of

�
�����

¹������	�


�
There is an incredibly large num

ber of open problem
s 

w
hose solution w

ould allow
 to decide about P=

N
P

�
Im

portant cryptography  algorithm
s are based on 

P¹N
P

���

�
���

�
����	����	
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{
}

N
P

Î
=

A
A

|
coN

P

{
}t)

assignam
en

any  
for  

  
  true

is
(It  

  ,
 tautology

a 
is

A
  

 |
A

=
T

A
U

T
O

LO
G

Y
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Remark�differently from P,  it is unknown whether NP=coNP, actually it 
is supposed NP¹coNP

…we will come back later on this issue�
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Ç

����

���

�
���?���?C

&
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�
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�����������	�����	��

����%
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�

$��/-".������	���
"�����	����������������������������	���������������

��������������	�0123

{
}k

han  
sm

aller  t
factor  

  
a  

has
n  
 |

k)
(n,

=
-

F
A

C
T

IN
T
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� ���
(0�*����	+

��
���������	���	�������5	,0������������

�(�0�*����	+
*��������%

���������������	��������#������������#���
��(*	,0+

6�
��� �������

� ���
����������������	,0

�����������
�

���������������	���������������������%
�������������

'�	��7��� ���������
�����������������������	,0%

���������		��������	���	
�����	������

����88
"�����������������������#��������	��
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�
��

�	�����������������	
,0%
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2101�����������������
�

2
�	�


(0�����2101
�

2109(
:;72;0<

2
�

�	��2
	�
��

¹0�����2101%
�2

	�
�
�
¹0�����2101%

�2
	�
����

¹0�����2101�
�

�����	
����
������������
�

72�����������������
�2

��=1 mod 37�36=3*3*2*2, and 2
����

¹1 mod 37, 2
����

¹1 mod 37
�2 is prime ��������	
��

�3 is prime because

�
�

����������

�

��
������

�
0<

2�����������������
�2

���=1 mod 107
�106=53*2�….. 7

This reasoning can be memorized
and provides the certificate
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D
efinition

A language A is polynom
ial tim

e reducible to a 
another language B if there is a polynom

ial tim
e 

com
putable function f:S*®

S
* such that:  

�
ÎÎÎ Î

��
ÜÜÜ Ü

�
����

ÎÎÎ Î
����

for every w
ÎS

*.A
B

f f
Term

inology/notation:
•

A £
�

B
•

f is the polynom
ial

tim
e reduction of A to B
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D
efinition

A function f:S*®
S

* is a poly-tim
e-com

putable 
function if there is a TM

 that on every input w
ÎS

*
halts after poly(|w

|) steps w
ith f(w

) on the tape.

All the usual com
putations (addition, m

ultiplication,
sorting, m

inim
ization, etc.) are all poly-tim

e.

Im
portant here is that object transform

ations, 
like “G

iven a form
ula f, m

ake a graph G
f ”

can 
alm

ost alw
ays be done in poly-tim

e.
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P
�

A
f f

B

The language B can be m
ore difficult than A. 

Typically, the im
age f(A) is only a subset of B,

and f(S*\A) a subset of S*\B.

“Im
age f(A) can be the easy part of B”.

���

�
���	�� �
£

P
�

A
f f

B

Theorem
If A is in �

, then A £
�

B for every nontrivial B. 

Proof
!�	���"�����	�

�
%

�����������������������������������������=
������>

�	��#�����
Î

"%
��	��=

��?���>
�	��

Ï
"

�	�����	������������
@

����	��������������������,�������������	����	�����
��

f(x)=
1Î

B if xÎ
A

�	����
f(x)=

0Ï
B if xÏ

A 

“The function f 
does all the w

ork”
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Theorem
:

If A
£

� B and B is in �
, then A is in �

as w
ell.

Proof: Let M
 be the poly-tim

e TM
 for B and f the

reducing function from
 A to B. Consider the TM

:
O

n input w
:

1) Com
pute f(w

)
2) Run M

 on f(w
) and give the sam

e output.

By definition of f: w
Î

A if and only if f(w
)Î

B.
M

 “accepts”
f(w

) in poly-tim
e if w

Î
A, and 

M
 “rejects”

f(w
) in poly-tim

e if w
Ï

A.
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D
efinition: A language B is 	�

-com
plete if

•
B is in 	�

, and
•

For every language A
Î

	�
w

e have A
£P B.

	�
-com

plete problem
s are the m

ost difficult 
problem

s in 	�
…

If w
e om

it requirem
ent 1 w

e define the set 	�
-hard.

D
efinition: A language B is 	�

-hard if 
1.

for every language A
Î

	�
w

e have A
£P B.
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Theorem
If there is an N

P-com
plete problem

 B that 
can be decided in determ

inistic polynom
ial tim

e, then 
for all languages A

Î
	�

w
e also have A

Î
�

.

Theorem
If B is N

P-com
plete, then B

Î
�

if an only if P=
N

P

If an efficient solution w
ill be found for a N

P-com
plete 

language, then an efficient solution w
ill be found for each 

language in N
P 

The question P=
N

P can be studied by analyzing just any 
N

P-com
plete

language

���

�

*����	��'&
�
���

Theorem
: SAT is N

P-com
plete

Cook-Levin Theorem
 proves that there a N

P-com
plete 

language exists
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Let A
 be a language in N

P
.

F
or every w

, w
e w

ant a (C
N

F
) form

ula f
w

such
that w

Î
A

 Ü
�

f
w Î

S
A

T
, w

ith a poly-tim
e function 

that calculates f
w

from
 w

.

Let N
 be the nondeterm

inistic N
P

that accepts A
.

K
ey idea: 

w
Î

A
 Ü

�
$

accepting path of N
 on w

Ü
�

$
x

1 …
x

m
[ f

w (x
1 …

x
m ) =

 T
R

U
E

 ]
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S
pecifically w

e w
ill establish the chain:

w
Î

A
 Ü

�
$

accepting path of N
 on w

Ü
�

Ü
�

$x
1 …

x
m

[ f
z (x

1 …
x

m ) =
 T

R
U

E
 ]

T
here exists a sequence C

1 ,…
,C

T
 of 

configurations w
ith: 

-
C

1
the start configuration of N

 on w
-

(C
j ,C

j+
1 ) a proper N

 transition for every j
-

C
T

an accepting configuration
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C

1
=

 

C
2

=
..........C

T
=

 
�

�
�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

C
E

LL
W

IN
D

O
W
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N
 is a poly-tim

e nondeterm
inistic T

M
:

T
he (accepting) path of N

 on w
 is lim

ited by O
(n

k).

T
he sequence of configurations can described by

a tableau
n

k´n
k

cells:

f
w (x

1 …
x

m )
describes
this tableau…

�
�

�
�

�
�

�
�

�
�

�
�

��
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

              
#

q
#

#
#

#__
www

q#
�

�
�

�
�

T
=

n
k

n
k
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T

he m
 B

oolean variables in f
w (x

1 …
x

m ) have
to describe:
-

that each cell is proper
-

that C
1

is the start configuration of N
 on w

-
that the transitions (C

j ,C
j+

1 ) are proper
-

that C
T

is an accepting configuration
C

1

C
2

......C
T

�
�

�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
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�
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T
he T

M
 N

 has state set Q
 and tape alphabet G

.
T

he content of a cell is in the set Q
È

G
È

{#}.

D
efine the B

oolean variables according to:

� � �
=

=
���������

	

��
�

�
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In total there are 
n

k´
n

k´
|Q

È
G

È
{#}| 

B
oolean x-variables.

T
his is O

(n
2k) polynom

ial in n.
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N
ot all x-assignm

ents m
ake sense.

W
e require that each cell(i,j) has a one description.

F
or every 1£i,j£n

k
there should be only one

variable x
(i,j,s) set T

R
U

E
.

T
he cell sym

bols s range from
 1 to c = |Q

È
G

È
{#}|.

H
ence w

e define w
ith the O

N
E

-function:
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T
he starting state of N

 is q
0 , and the input 

string is w
1 ,…

,w
n .

(T
he rest is filled w

ith _-spaces and m
arked on 

the left and right by #-sym
bols.)

H
ence:
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A
fter the T

M
 N

 has entered the accepting state
q

accept , it stays in this state.
W

e only have to check if the bottom
 row

 contains
the accepting state:
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f
m

ove
%
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T
he last requirem

ent is that the sequence of
configurations C

1 ,C
2 ,…

,C
T

are allow
ed by N

.

W
e can check this by locally 

checking all 2´3 w
indow

s.

T
here are (n

k–1)´(n
k–2)

of such w
indow

s:
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If there is no T
M

 head, the tape should rem
ain

unchanged:
for all a,b,cÎG

È
{#}.

�
�

�

�
�

�

F
or the transitions d(q

1 ,a) =
 {(q

2 ,b,R
),(q

3 ,c,L)}:

�

�

�
�

�

�
�

�

�
�

�

�
�

��

�
and

et cetera.

��


)
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T
he head can m

ove in and out the w
indow

:

2 ��� �
�

�

�
�

�

�
�

�4
T

he tape and the T
M

 rem
ain stationary once 

an accepting state 
has been reached:

�
�

�

�
�

�accept accept
�

�
�

�
�

��

et cetera.
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F
or various reasons the follow

ing w
indow

s
indicate a m

istake in the configuration sequence:

a
b

a
c

b
a

�
�

�

q
q

b
q

a
b

�

�

�
�

�

�
�

�

�
�

�

�
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�
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M
ost im

portant, this w
indow

:
is illegal if (q

9 ,c,R
) Ïd

(q
4 ,b)
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Let L Ì
(Q

È
G

È
{#}) 6

be the set of legal w
indow

s.
T

hen “(i,j) w
indow

 legal”
can be expressed by

W
ith these sub-form

ulas w
e can express

I
I
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ogether these four requirem
ents give:
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fB
y construction, f

w
is satisfiable

if and only if
there is an accepting nondeterm

inistic path
of N

 on input w
:

w
Î

A
 Ü

�
f

w Î
S

A
T

W
e have to check that w

®
f

w
is poly-tim

e…
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F
ixed T

M
 N

 w
ith tim

e com
plexity O

(n
k)

on input w
1 ,…

,w
n

of length n.

T
here are O

(n
2k) B

oolean variables x
(i,j,s) in f

w .

�
�

n1j,i
)c,j,i()

1,j,i(
cell

�
�

�����
�

�
���

=

=
f Last issue: C

an w
e describe f

w
in poly(n) tim

e?

O
(n

2k) tim
e.
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C
an w

e describe f
in poly(n) tim

e?

…
requires O

(n
k) tim

e.
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C
an w

e describe f
in poly(n) tim

e?

…
requires O

(n
2k) tim

e. 
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…
com

plexity O
(n

k).
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G
iven w

1 ,…
,w

n , the construction of 
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requires O
(n

2k) tim
e and space: poly(n).

T
he m

apping from
 w

1 ,…
,w

n
to f

w
is a poly-tim

e
reduction from

 the N
P

problem
 A

 to S
A

T
:

A
 £

P
S

A
T

 for all A
Î

N
P

.

A
s S

A
T

Î
N

P
, w

e see that S
A

T
 is N

P
-com

plete
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size
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cut 
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k
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C
U
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A
X
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{
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colors
 3

 w
ith 

colored
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G
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{
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cover
 vertex  
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E
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Graph isomorphism is a probable candidate for NP-intermediate
G

� ,G
� are isomorphs if there exist a bijectionf from the nodes of 

G
� to those of G

� such that an edge (u,v) exists in G
� if and only 

if edge (f(v),f(u)) exists in G
� .

Remarks�Graph isomorphism is in NP: the certificate is any coding of f.
�No polynomial algorithm is known
�No reduction of a NP-complete problem is known
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DefinitionA language is sparse if the number of strings of size n is upper-
bounded by a polynomial in n 
DefinitionA language is unary if it contains only one symbol, i.e. L Í{0}*
Notice that�NP-complete problems are not sparse languages
�The sparseness could provide another measure of the complexity of a 
decision problem:

�perhaps simple languages with “few”strings can be easily recognized. 
�Notice, however, that unary languages can be even not computable

�f.i., f(0
�)= accept if and only if <n> is the coding of a satisfiable

booleanformula
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�We define a program CANYIELD(c
� ,c

� ,t):
�accept, if the state c

� can be reached from c
� in t steps on the NTM 

�reject, otherwise
�CANYIELD(c

��
�� ,c

����� , 2

	��
) accept if and only if
�the input string corresponding to c

��
�� is accepted by the NTM
�the space used byof CANYIELD 

�each configuration c
� requires O(f(n))

�the maximum  stack depth is O(log(t)), where t= 2
	��


�total space is O(f(n)
�)

CANYIELD(c1,c2,t):
1.case t=0, accept if and only if c

� ==c
� .

2.case  t>0, for each intermediate state c
�

3.run CANYIELD(c
� ,c

� ,½t) and CANYIELD(c
� ,c

� ,½t)
4.if both steps 3 and 4 accept, then accept
5.if no intermediate state has been accepted, the reject
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��������because a program that runs in polynomial time can 
access only a polynomial  number of memory locations

�
��and ���������

Í
���������because each branch of the NTM has polynomial 

depth and can access only a polynomial  number of memory 
locations
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We don’t know how to prove P
¹PSPACEor NP

¹EXPTIME.
But we do know: P

¹EXPTIME.
P
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lgorithm
 T

qbf( Q
1 x

1 ,…
,Q

k x
k

F
(x

1 ,…
, x

k
) )

�
if k=

0, return F
�

if Q
k =

 $, then
return T

qbf( Q
1

x
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,Q
k-1

x
k

F
(x

1 ,…
, x

k-1 ,true ) )
Ú
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If A
ÎPSPACE, then A £

ps B

�Idea: Given M and w, we can make a QBF F
���

such that: “w
ÎA if and only if F

���
ÎTQBF”.

�The TM that decides A takes time 2
����������

on input w.

�The question: YIELD(c
��
�� ,c


����� ,2
����������

)?

�We define a QBF f(c
� ,c

� ,t) of length O(|c|×log(t)):
�For f(c

� ,c
� ,1) this is simple (as in Cook-Levin).

�For f(c
� ,c

� ,2t) we could try:
f(c

� ,c
� ,2t) = $c

� [f(c
� ,c

� ,t) Ù
f(c

� ,c
� ,t)], but in this way, the 

length of the stack is |f(c
� ,c

� ,t)| ~ t, which is too big because t 
may equal 2

O
(poly(|w

|)).

���

'D
�#�	���$� ����
������

�Instead, we use f(c
� ,c

� ,2t)=
$c

� "(c
� ,c

� )Î{(c
� ,c

� ),(c
� ,c

� )} [ f(c
� ,c

� ,t) ]. 
Now the length of fgrows indeed like O(|c|×log(t)), which gives a linear 
stack even when t =

 2
O

(poly(|w
|)).

�As a result, for every input w, we can make a
QBF F

��� = f(c
��
�� ,c


����� ,2
����������

) such that:

“M accepts w (w
ÎA)”if and only if “F

���
ÎTQBF”,

and size |F
��� | = O(poly(n)

�).
The transformation w

®
F

��� is  poly-time and, thus, it is also poly-space.
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G is returned an edge at each 
step…. otherwise G will consume
too much spaceThe machine that implements PATH
will call the reduction any time
it needs an input
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of course, PÍ
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N
P !!
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It is supposed that N
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reasonable algorithm
s for N
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A method to test primalityof p
�chose random a

� ,..,a
� in [2,p-1]

�check Miller-Rabin(a
� , p), for each a

�

�if  some test fails then accept
else reject

Remark�the above test is carried out in polynomial time on a probabilistic TM
�If the p is prime, the above algorithm always accept, 
�If p is composite, the probability of accepting is smaller than 2
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A quantum Turing machine (intuitive definition)
�a Turing machine where

�the internal state is defined by a finite set of qubits
�the tape is a sequence of qubits
�…About QTMs�each qubitcan be in a state 0, 1, or in a superposition state, thus a 

quantum Turing machine can carry out parallel computations…
�in general, quantum computer can produce only a result having some 

probability of being correct 
�a QTM can solve the same problems as a DTM, but in a faster way!
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