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Definition: Let f and g be two functions N® R*,
We say and write f(n) = o(g(n)) if and only

® ¥

* big-O is about “less-or-equal-than”,
o little o Is about “strictly less than”.
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Given an alphabet S, we can make a word or string
by concatenating the letters of S.

A language L is a set of words, i.e.
LI S *, where * is the kleene operator

Examples
S={0,1,.}, the set of decimal binary numbers
S={a,b,c,d,e,f,...}, the set of italian words
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Given an alphabet S, any expression that can be obtained
by

R = a, with alS (a symbol of the alphabet)
R = e (the null string)

R = A (the void expression)

R = (R, | Ry), the alternation

R = (R, R,), the concatenation

R = (R.*), the kleene closure

A language is reqgular if it can be defined by a regular
expression

$). %/
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Alternative definition
A language is regular if and only if it can be accepted by a
finite automaton

A finite (state) automata
a simple machine that reads a single
input character at every time step
has an internal state that can assume
a finite number of different values
internal state are of two different types
(accept, reject) that define whether
the read string is accepted or not

Formally
A nondeterministic finite automaton (FA) M is defined by a 5-
tuple M=(Q,S,d,q,,F), with

Q: finite set of states

S: finite alphabet

d: transition function d:Q°S ® P (Q)
0ol Q: start state

Fi Q: set of accepting states

The automata is called deterministic or non deterministic
according whether d2 " 3 "
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The deterministic automaton that recognizes the language:

0*1( (1]0) (0[1))*

transition rules

states
&o / .
Q 1 2
_—@® 95
/
starting state 0,1
accepting state
$ % #
7 80 $780% 80 $8 0%
6
9 780
80
80 9
9 80
9 &
9 80 80
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Definition A context free grammar G=(V,S,R,S) is defined by

V: a finite set variables
S: finite set terminals (with VCS=/)

R: finite set of substitution rules V ® (VES)*

S: start symbol T V

Definition The language of grammar G, denoted by L(G), is the
set of strings of terminal symbols that can be obtained by
applying the substitution rules from the start symbol

LG)={wWIS*|S *w>

1 @

_
G=(V,S,R,S) with
V ={S,Z}
S={0,1,(,).9,0,U}
R:
S® 0
' ® JG(S)
I ® (S)U(S)
I ® (S)US)

Some elements of L(G):
0

2((2(0) (1))
(1)(O)0))

22




The parse tree for (0)U((0)U(1))

S® 0]1]@(S) | (SUS) | (S)US)

G=(V,S,R,S) with
VvV ={S,C,E,B}
S ={id,val,=,(,),if,then,==
R: S® C;S|e
C ® id=E
C ® if (B) then S end
E ® id|val

A program in L(G):
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A pushdown automata
is @ machine composed by
= a finite state control unit
= a stack that contain symbols

it can read one input character at
each step (10

it can add, read and remove
symbols from the stack

Pushdown automata can recognize
(decide) context free languages

) %

A$ % $AS$ %
%

9 = . B*> 9
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Context-sensitive grammars
the rules are in the form
ap ayB

where A is a non terminal and a B,y are strings of terminals
and non terminals, y cannot be null

theruleS eis allowed if does not appear on the right side of
any rule

no algorithm is known to decide Context-sensitive languages in
polynomial time

Unrestricted grammars
the rules are any form

no algorithm is known to decide languages generated by
unrestricted grammars

& * &
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Alan M. Turing (1912-1954)

In 1936, Turing introduced his abstract model for
computation in his article “On Computable Numbers, with
an application to the Entscheidungsproblem”.

At the same time, Alonzo Church published similar ideas
and results.

The Turing model has become the standard model in

theoretical computer science. 30




1 I — 1 1 — 1 At every step,

I T N N NN N N the head of the
TM M reads a
letter x; from the
one-way infinite
tape.

Depending on its state and the letter x,, the TM
- writes down a letter,

- moves its read/write head left or right, and

- jumps to a new state.

Initially, the tape contains the input
wiS *, padded with blanks “ 7,
and the TM is in start state q,.

During the computation, the head moves left
and right (but not beyond the leftmost point),
the internal state of the machine changes,
and the content of the tape is rewritten.




The computation can proceed indefinitely, or the
machines reaches one of the two halting states:

33
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A Turing machine M is defined by a

Nu_nc_u_m Ao_m.O.Q.Qobmoomcﬁqu_.mob. with
* Q finite set of states

* Sfinite input alphabet (without “_")

» Gfinite tape m_c:mcm” with{ }ESIG

e gy Start state I Q

* Qaccept ACCEPL State 1 Q

* Qreject M€JECE State 1 Q

e d the transition function
d: QYUaceeptOrejecd  C® Q° G™ {L,R}
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The configuration of a Turing machine consists of
« the current state gl Q
* the current tape contents | G *

~

* the current head location | {0,1,2,...}

This can be expressed as an element of G Q' G*;

becomes “101 g4 1_0#1"

35
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LetuviG*;ab,clG ;q,ql Q, and M a TM with
transition function d.

We say that the configuration “ua g; bv” yields the
configuration “uac g; b” if and only if:

d(c,b) = (;c.R).

Similarly, “ua g; bv” yields “u g;acb” if and only if
d(q;,b) = (qj,c.L).
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Like with PDA, we can represent Turing machines

by (elaborate) diagrams.

If transition rule says: d(q;,b) = (q;,c,R),
then:

b® c,R

l _

starting configuration on input w: “gyw”
accepting configuration: “Ud¢epV”
rejecting configuration: “uqgjecV"

The accepting and rejecting configurations are
the halting configurations.
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Wom_“ To build a TM that accepts all and only the strings in
A={0]j=2"}
Approach: If |=0 then “reject”; If j=1 then “accept”;

if j is even then divide by two; if j is odd and >1
then “reject”. Repeat if necessary.

1.
2.

s w

Check if j=0 or j=1, accept/reject accordingly
Check, by going left to right if the string has
even or odd number of zeros

If odd then “reject”

If even then go back left, erasing half the zeros
goto 1

FIGURE 3.4
State diacram for Turine machine Ma

A sample run of M5 on input 0000:

g10000 Lgsx0xL UX {5 X XL
ug2000 q5ux0xu UG5 XX XU
UX{g3 00 uqgs x0xu J5UXXXU
ux0q40 uxq20xuU UgoXXXLI
ux0xqsu LXXq3XU LUX (o XXU
ux0gsxu UXXX(q3U UXX(goXu
Lxgs0xu LIXX (@5 XU UXXX(oL

UXXXUGaccept
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A Turing machine M accepts input wiS *
if and only if there is a finite sequence of
configurations C,,C,,...,C, with

 C, the starting configuration “q,w”
e for all i=1,...,k-1 C, yields C,,,; (following M’s d)
* Cy Is an accepting configuration “ug,ccepV”

The language that consists of all inputs that are
accepted by M is denoted by L(M).

41

A language L is Turing-recognizable if and only
if there is a TM M such that L=L(M).

Also called: a recursively enumerable language.

Note: On an input wi L, the machine M can
halt in a rejecting state, or it can ‘loop’ indefinitely.

How do you distinguish between a very long
computation and one that will never halt?

42




When a TM E generates the words of a language,
E is an enumerator (cf. “recursively enumerable”).

A Turing machine E enumerates the language L

if it prints an (infinite) list of strings on the tape
such that all elements of L will appear on the tape,
and all strings on the tape are elements of L.

(E starts on an empty input tape. The strings

can appear in any order; repetition is allowed.)

0!

Theorem: A language L is TM-recognizable
if and only if L is enumerable.

Proof: (“if") Take the enumerator E and input w.
Run E and check the strings it generates.

If w is produced, then “accept” and stop,
otherwise let E continue.

(“only if”) Take the recognizer M.

Lets,,S,,...be a listing of all strings IS *EL.

For j=1,2,... ruyn M on s,...,s; for  time-steps.

If M accepts an s, print s. Keep increasing |.
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A language L=L(M) is decided by the TM M if on
every w, the TM finishes in a halting configuration.
(That is: Qaeeep: fOr wi L and o e, for all wi L.)

A language L is Turing-decidable if and only
if there is a TM M that decides L.

Also called: a recursive language.

) )&

A k-tape Turing machine M has k different
tapes and read/write heads. It is thus defined

_u< the N-_”C_o_m AO_W.QQ.Qo.QmoomEbﬂm_.mﬂv_ with
* Q finite set of states
« Sfinite input alphabet (without “_”

« Gfinite tape alphabet with{ }ESI G
* g, Start state T Q

* Oaccept 2CCEPL State T Q

* Oreject '€jECE StAte I Q

 d the transition function
d: O/ﬁnmnom_ﬂqu_mob \ G® O ’ (€ A_l._wwx
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Theorem: For every multi-tape TM M, there
is a single-tape TM M’ such that L(M)=L(M’).
Or, for every multi-tape TM M, there is an
equivalent single-tape TM M'.

Proving and understanding these kinds of robustness
results, is essential for appreciating the power of the
Turing machine model.

From this theorem follows:
A language L is TM-recognizable if and only if
some multi-tape TM recognizes L.

47
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_Im_” _/\_HAO.m_O.Q.Qo.ﬁ_moombﬂﬂqm_.moﬁv _um a _Au_”m_um; |_|z
Construct 1-tape M’ with expanded G = GE G {#}

Represent M-configuration

UigjaVey,  UgiaaVo, .oy Uiy Vi
by M’ configuration

Q;# UV # U@V # . # U@V

(The tapes are seperated by #, the head
positions are marked by underlined letters.)

48
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On input w=w,...w,, the TM M’ does the following:

* Prepare initial string: #w,...w #_# #_#

« Read the underlined input letters 1 G k

« Simulate M by updating the input and the
underlining of the head-positions.

 Repeat 2-3 until M has reached a halting state

e Halt accordingly.

PS: If the update requires overwriting a # symbol,
then shift the part # _ one position to the right.

l )
_ L . .
A nondeterministic Turing machine M can have

several options at every step. Itis defined by
the N-ﬁc_u_m AO_m.O,Qbobmonmgqu_.moﬁv_ with

* Q finite set of states

* S finite input alphabet (without “_”

« Gfinite tape alphabet with{ }ESIG
* g, Start state T Q

* Qaccept ACCEPt State T Q

* Qreject '€JECE StAtE I Q

 d the transition function
d: QX Aaccept:reject "G®P Q" G {LRY
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Evolution of the n.d. TM
represented by a tree C
of configurations (rather 2
than a single path).

If there is (at least)

one accepting leave, H H

then the TM accepts.

C, Ca
“reject”
‘accept” 5

(&+

We want to search every path down the tree

for accepting configurations.

Bad idea: “depth first”. This approach can get

lost in never-halting paths.

Good idea: “breadth first”. For time step 1,2,...
we list all possible configurations of the non-
deterministic TM. The simulating TM accepts
when it lists an accepting configuration.
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t=1
__.2 b be the maximum number
of children of a node. C, , 1=
3
Any node in the tree can \/
be uniquely identified by Cs C. ‘reject”
astring | {1,...,b}*. 4 ¢ \

Example: location of the . o
rejecting configuration is (3,1). accep >
With the lexicographical listing g, (1), (2),..., (b), (1,1),
(1,2),...,(1,b), (2,1),... et cetera, we cover all nodes.

% %'& | .

Let M be the nondeterministic TM on input w.

The simulating TM uses three tapes:

T1 contains the input w

T2 the tape content of M on w at a node
T3 describes a node in the tree of M on w.

1) T1 containsw, T2 and T3 are empty

2) Simulate M on w via the deterministic path
to the node of tape 3. If the node accepts,
“accept”, otherwise go to 3)

3) Increase the node value on T3; go to 2)
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Just like k-tape TMs, nondeterministic Turing
machines are not more powerful than simple TMs:

Every nondeterministic TM has an equivalent
3-tape Turing machine, which —in turn— has an
equivalent 1-tape Turing machine.

Hence: “A language L is recognizable if and only
if some nondeterministic TM recognizes it.”

The Turing machine model is extremely robust.

. LA

_
We can consider many other ‘reasonable’

models of computation: neural networks,
guantum computing...

Experience teaches us that every such model
can be simulated by a Turing machine.

Church-Turing Thesis:

The intuitive notion of computing and algorithms
IS captured by the Turing machine model.
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m
$9 ++ P;
#$9%:91)
K F o $9 ++ 90,9
6
m m
$9 ++P0;$ 9 ++ P& $9 ++ D%
$* 9 ++ Po; $9 ++ Mo
$-1)9 ++P0;$- $-9 ++ P 9++ Mo
59
1]
m %
_
constants, f(x,..,x )=n
increment, S(x)=x+1
projection, U (x ,..,X )=X
composition, f(x ,..,x )=h(g (x ,..,x),..., g (X ,..,x))
recursion, f(0,x ,..,x )= g(x ,..,x)
fly+1,x
$* %: — base recursion: g is the projection operator
$1) %; $ %1) «<— recursion: h is the successor
G Opx base recursion: g is a constant
$1) %:; $ $ % % «___recursion: h is the composition

of piu and the projection




$ 0G
‘AA H8
LMH 4
8A
0 8A 8A
9 8A
++ $;*NO)*N 11%
8A
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In 1900, David Hilbert (1862—-1943) proposed
his Mathematical Problems (23 of them).

The Hilbert's 10th problem is: Determination of the
solvability of a Diophantine equation.

Given a Diophantine equation with any number of
unknown quantities and with rational integral numerical
coefficients: To devise a process according to which it
can be determined by a finite number of operations
whether the equation is solvable in rational integers.

+ & <

Let P(Xy,...,X,) be a polynomial in k variables
with integral coefficients. Does P have an
integral root (Xy,...,x )l ZX?

Example: P(X,y,z) = 6x3yz + 3xy?—x3-10
has integral root (x,y,z) = (5,3,0).

Other example: P(x,y) = 21x2-81xy+1
does not have an integral root.
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Hilbert's “...a process according to which it can
be determined by a finite number of operations...”
needed to be defined in a proper way.

This was done in 1936 by Church and Turing.

Matijasevi=proved that Hilbert’s 10th problem
is unsolvable in 1970.

|_l

Thus, we are now ready to tackle the question:

What can computers do and what not?

We do this by considering the question:

Which languages are TM-decidable, Turing-
recognizable, or neither?

Assuming the Church-Turing thesis, these are
fundamental properties of the languages.
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Three Levels of Describing algorithms:
 formal (state diagrams, CFGs, et cetera)
» implementation (pseudo-Pascal)

* high-level (coherent and clear English)

Describing input/output format:

TMs allow only strings IS * as input/output.

If our X and Y are of another form (graph, Turing
machine, polynomial), then we use <X,Y> to
denote ‘some kind of encoding 1S *'.

The acceptance problem for deterministic
finite automata is defined by:
Apea = { <B,w> | B is a DFA that accepts w }

Note that this language deals with all possible
DFAs and inputs w, not a specific instance.

Of course, Apg, is a TM-decidable language.
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|
Proof: Let the input <B,w> be a DFA with

B=(Q, S, d, .., F) and wiS *.
The TM performs the following steps:
1) Check if B and w are ‘correct’, if not: “reject”
mv Simulate B on w with the help of two pointers:
_ Q for the internal state of the DFA, and
@ {0,1,...,|w[} for the position on the string.
<<:__m we increase P, from O to |w|, we
change P, according to the input letter wp,,
and the transition function value d(P,,wp,,).
3) If M accepts w: “accept”; otherwise “reject”

The acceptance problem

Arex = { <R,w>| R is a regular expression
that can generate w }

is a Turing-decidable language.

Proof Theorem. On input <R,w>:

1. Checkif R is a proper regular expression
and w a proper string

2. ConvertR intoa DFA B

3. Run earlier TM for Agg, on <B,w>




Another problem relating to DFAs is the
emptiness problem:
Epea = {<A>| Ais a DFA with L(A) = £}

How to decide this language?

This language concerns the behavior of the
DFA A on all possible strings.

Less obvious than the previous examples.

71
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Algorithm for Epg, on input A=(Q,S,d,qgiy,F):
1) If Ais not proper DFA: “reject”
2) Make set S with initially S={q,}
3) Repeat |Q| times:
a) If S has an element in F then “reject”
b) Otherwise, add to S the elements that
can be d-reached from S via:
“If $q1 S and $sIS  with d(q;,s)=0;
then g; goes into S,
4) If final SCF = A “accept”
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A problem that deals with two DFAs:
EQpra = {<A,B>|L(A) =L(B) }

Theorem: EQpg, IS TM-decidable.
Proof : Look at the symmetric difference between
the two languages: (L(A) CL(B))E (L(A) CL(B))
Note: “L(A)=L(B)” is equivalent with an empty
symmetric difference between L(A) and L(B).
This difference is expressed by standard DFA

transformations: union, intersection, complement.

73
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Algorithm on given <A,B>:

1)
2)

3)

4)

If A or B are not correct DFA: “reject”
Construct a third DFA C that accepts the

language (L(A) G L(B)) E (L(A) G L(B))

Decide with the TM of the previous theorem
whether or not CI Egga

If Cl Egr, then “accept’”;

If CI Epg, then “reject”
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Similar languages for context-free grammars:

Aces = {<G,w>| G is a CFG that generates w }
Ecrg = {<G>| G is a CFG with L(G)=/}

EQcrs = { <G,H>| G and H are CFGs
with L(G)=L(H) }

The problem with CFGs and PDAs is that they
are inherently nondeterministic.

W
_
Definition
A context-free grammar G = (V,S,R,S) is in Chomsky
normal form if every rule is of the form
A® BC or A® X
with variables Al V and B,CI V \{S}, and xIS . For the start
variable S we also allow “S® e”

Every context-free grammar can be transformed into an
equivalent Chomsky NF grammar.

The derivation S * w requires 2|w|-1 steps
(apartfromS e).
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Theorem: The language
Ace = { <G,w>| G is a CFG that generates w }
is TM-decidable.

Proof: Perform the following algorithm:
1) Check if G and w are correct, if not “reject”
2) Rewrite G to G’ in Chomsky normal form
3) Take care of w=e case via S®e check for G’
4) List all G’ derivations of length 2|w|-1
5) Check if w occurs in this list;

if so “accept”; if not “reject”

+ # 5/

_

Theorem: The language

Ecrg ={<G>| G is a CFG with L(G)=/A}
iIs TM-decidable.

Proof. Perform the following algorithm:
1) Check if G is proper, if not “reject”
2) Let G=(V,S,R,S), define set T=S
3) Repeat |V| times:
 Check all rules B® X;...X in R
« IfBI Tandeach X;...X isinTthenaddBto T
4) If ST T then “reject”, otherwise “accept”
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What about the equality language

EQcrg = {<G,H>| G and H are CFGs
with L(G)=L(H) }?

For DFAs we could use the emptiness decision
procedure to solve the equality problem.

For CFGs this is not possible... (why?)
... because CFGs are not closed under
complementation or intersection.

Later we will see that EQ¢ is not TM-decidable.

" -
|
We now know that the languages:
Apea = { <B,w> | B is a DFA that accepts w }
Acrs = { <G,w> | G is a CFG that generates w }

are TM decidable.

What about the obvious next candidate
Ay = {<M,w>| M is a TM that accepts w }?

Is one TM capable of simulating all other TMs?
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Given a description <M,w> of a TM M and
input w, can we simulate M on w?

We can do so via a universal TM U (2-tape):
1) Check if M is a proper TM

LetM = AO.m.mw_Qbo_QmoomEbS_.va
2) Write down the starting configuration

< gyw > on the second tape
3) Repeat until halting configuration is reached:
* Replace configuration on tape 2 by next
configuration according to d
4) “Accept” if Quecept IS reached; “reject” if g gjec

'&

_
The existence of the universal TM U shows that

Ay = {<M,w>| M is a TM that accepts w }
Is TM-recognizable, but can we also decide it?

The problem lies with the cases when M does
not halt on w. In short: the halting problem.

We will see that this is an insurmountable
problem: in general one cannot decide if a TM
will halt on w or not, hence A;,, is undecidable.
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For S={0,1}, there are 2% words of length k.

A language is a set words: there are languages L [ S
A TM M an be described by a string: there are 2k TMs of length k.
An idea
Let us count languages and TMs, if TMs are less than languages then we

know that some language cannot be computed!!

However, languages and TMs are infinite and we need a more sophisticate
way to compare them

A set S has k elements if and only if there is
a bijection possible between S and {1,2,...,k}.

S and {1,...,k} have the same cardinality.

If there is a surjection possible from {1,...,n}
to S, thenns3 |S|.

We can generalize this way of comparing the
sizes of sets to infinite ones.

84
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If there exists a surjective function F:S® N,
the set S is infinite
“The set N has not more elements than S.”

If there exists a surjective function F:N® S
the set S may not be infinite
“The set S has not more elements than N.”

If there exists a bijective function F:N® S.

The set S is countable
“The sets N and S are of equal size.”

$

% 9

One can make bijections between N and
Z, N2, {a}*, {a,b}*:
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Consider the set N*, the set of finite sequences
of numbers: (0)I N*, (4,63)1 N*, (1,0,...,1)I N*.

This set is also countable infinite.
How do make the bijection between N* and N?
1. There are infinitely many primes
P1=2, P,=3, P5=5, .
2. Every number nl {2,3,...} has a unique prime
factorization: 84 = p,-p;- P,'P,

4 ( N N>
|

Let (ny,Nn,,...,n)I N*

+ +
Consider the number X L
Infinitely many primes: For every k this is possible.

Unique prime factorization: Given m, we can
determine (ny,n,,...n,)

The “+1” enables us to make a distinction
between (1,4,0) and (1,4).
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There are infinite sized sets that are not countable.
Typical examples are A, P (N) and P ({0,1}*)

We prove this by a diagonalization argument.
In short, if S is countable, then you can make a
list s,,S,,... of all elements of S.
Diagonalization shows that given such a list,
there will always be an element x of S that
does not occur in S;,S,,...

9 % P N/

The set P (N) contains all the subsets of {0,1,2,...}.

There is a bijection between P (N) and

{0,1}¥ (the set of infinite bit string).

Each subset XI N can be identified by an infinite
string of bits XyX,X,... such that x=1 iff jl X.

Proof by contradiction : Assume P (N) is countable.

Hence there must exist a bijection F:N® {0,1}* .
“There is a list of all infinite bit strings.”
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Try to list all possible infinite bit strings:

Look at the bit string on the diagonal of
this table: 0101... The negation of this
string (“1010...") does not appear in the table.

4 N® 12786*

Let F be a functionN ® {0,1} *.
F(0),F(1),F(2),... are all infinite bit strings.

Define the infinite string Y=Y,Y,Y,... by
Y; = NOT(j-th bit of F(j))

On the one hand Y1 {0,1} ¥, but on the other
hand: for every jl N we know that F(j) * Y
because F(j) and Y differ in the j-th bit.

F cannot be a surjection: {0,1} ¥ is uncountable.
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We just showed that there it is impossible to
have surjection from N to the set {0,1}*.

Similar proofs are possible for the uncountability
of the sets A, P ({0,1}%), ....

Observation: Every TM has a finite description;
there is only a countable number of different TMs.
(A description <M> can consist of a finite string

of bits, and the set {0,1}* is countable.)

Our definition of Turing recognizable languages
IS a mapping between the set of TMs {M;,M,,...}

and the set of languages {L(M,),L(M,),...}i P (S¥.

Question: How many languages are there?
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There are uncountable many different languages

over the alphabet S={0,1}: the set of languagesis P ({0,1}¥)
With the lexicographical ordering €,0,1,00,01,... of S*,

every L coincides with an infinite bit string via its
characteristic sequence c, .

Example for L={0,00,01,000,001,...} with c,= 0101100...

1
)
_
There is a bijection between the set of languages
over the alphabet S={0,1} and the uncountable
set of infinite bit strings {0,1} *¥.
There are uncountable many different
languages LI {0,1}*.
Hence there is no surjection possible from the

countable set of TMs to the set of languages.
Specifically, the mapping L(M) is not surjective.

Conclusion: There are languages that are not
Turing-recognizable. (A lot of them.)
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We now know that there are languages that
are not Turing recognizable, but we do not
know what kind of languages are non-TM
recognizable.

Are there interesting languages for which
we can prove that there is no Turing
machine that recognizes it?

9 8/

Consider —again— the acceptance language
Ay = {<M,w>| M is a TM that accepts w }.

Proof that A |, is not TM-decidable
(Contradiction) Assume that TM G decides A+

( Tm

From G we construct a new TM D that will get
us into trouble...
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The TM D works as follows on input <M> (a TM):

1) Run G on <M,<M>>
2) Disagree with the answer of G
(The TM D always halts because G always halts.)

"accept" if G rejects (M, (M))
D(M) =
In shortd{M) =, reject” if G accepts (M, (M))

Hence: ( )= ()

()

Now run D on <D> (“on itself”)..

Result: = A v
() ()

This does not make sense: D only accepts
if it rejects, and vice versa.
(Note again that D always halts.)

Contradiction: A, is not TM-decidable

This proof used diagonalization implicitly...




W% %8

My My)  Ms) (M)

M, | accept accept
M, | accept accept accept accept
_<_w

M, | accept accept

‘Acceptance behavior’ of M; on <M;>

W o(% %5

M) M) M) M)

accept reject accept reject
accept accept accept accept
reject reject reject reject
accept accept reject reject

=< < Z

‘Deciding behavior’ of G on <M;,<M>>




Disagreeing D has to occur in list as well...

W (% %0

() L) )

()

()

Contradiction for D on input <D>.
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The “Self-referential paradox” occurs when we
force the TM D to disagree with itself.

On the one hand, D knows what it is going to
do on input <D>, but then it decides to do
something else instead.

“You cannot know for sure what you will do in
the future, because then you could decide to

change your actions and create a paradox.” s

Msowin e

_
The diagonalization method implements the self-

reference paradox in a mathematical way.

In logic this approach is often used to prove that
certain things are impossible.

Kurt G6del gave a mathematical equivalent of
“This sentence is not true.”
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A:y Is not TM-decidable, but it is TM-recognizable ?

Theorem : Aty is recognizable

Proof: It is suffcient to simulate M. Run the M on w.
If M accepts, then accept

Y9

Aqy is not TM-decidable, but it is TM-recognizable.
What about a language that is not recognizable?

Theorem : If a language A is recognizable
and its complement is recognizable, then A
is Turing machine decidable.

Proof. Run the recognizing TMs for Aand in
parallel on input x. Wait for one of the TMs to
accept. If the TM for A accepted: “accept x”;

if the TM for accepted: “reject x".
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By the previous results it follows that ,, cannot
be TM-recognizable, because this would imply
that A, is TM decidable.

We call languages like A7, co-TM recognizable.

_®. @. _v + 11

The following languages are also unrecognizable:
Eqn={<G>]|GisaTM with L(G)=A}

EQ:y ={<G,H>| G and H are TMs
with L(G)=L(H) }

To be precise:
* E;y, IS cOo-TM recognizable
* EQq\ is not even co-Turing recognizable




.

J
Ay ‘M.A.A_/\__s\v | M is a TM that accepts w }
‘Eqy ={ <M>| M is a TM with L(M)=/}
EQqy = { <G,H> | G,H TMs with L(G)=L(H) }




it required quite some effort to prove that Ay, is

not TM-decidable.

But now we can build on this result as follows:

If “L is TM-decidable” implies “A4, is decidable”,
then L is not decidable.

Typical proof outline:

Let M be the TM that decides L; with this M as a
subroutine, the following TM [....] decides Aqy,.
Conclusion: M is not TM-decidable.

Theorem: The ‘halting problem’ language
HALT;,, = { <M,w> | the TM M halts on input w }
is undecidable (but of course recognizable).

Proof: Let G be a TM that decides HALT,.
The following TM decides A+,
1. Oninput <M,w> run G to decide halting
2. If G rejected <M,w> then “reject”
3. If G accepted <M,w>
then copy (reject/accept) output of M on w.
(Note that this TM always produces an output.)

A:y IS undecidable, hence such a G cannot exist.
114
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Theorem: The language of non-accepting TMs
Eqy={<M>| Mis aTM with L(M)=A}
is not decidable (but co-TM recognizable).

Reduction proof: Let G be a TM that decides Eqy,...

But how to deal with input <M> versus <M,w>?
Proof idea: Given <M,w>, we will make a different
Turing machine P,,, such that the answer to
“Puad Ery?” Will also answer “<M,w>I Aq,,?”

_ 5/

Proof: Given <M,w>, define the TM P,,,, by:
Puy = “On input x:

1. If xXw then “reject”

2. If x=wthen run M onw

If M accepts w then “accept”

By construction:
Either L(P,,)={w} if and only if M accepts w,
or L(P,,,)=4if and only if M does not accept w.

Deciding “Py,,| Ery?” decides “<M,w>1 A,,?”
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Final proof: Let G be a TM that decides E,.
Consider the following TM on input <M,w>
1) Construct TM P,,,

2) Run G on Py,

3) If G accepts P,,, then “reject” <M,w>

4) If G rejects Py, then “accept” <M,w>

Because:

<Py E;yU  MacceptswU  <Mw>l Ay,
the above TM decides A+, this TM cannot exist.
Conclusion: E;,, is not TM-decidable.

Consider the generic TM-related language
T={<M>| M is a TM for which a property P holds }

Rice’s Theorem: If P is such that

1) L(M,) = L(M,) implies “<M > TU  <M,>I T~
(That is: “MI T?” depends only on L(M).)

2) There are two TMs M, and M, with
<M>I T and <M,>I T
(The language T is non-trivial.)

Then the language T is undecidable.
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Assume that there is a TM G that decides T...

As with the emptiness language we will take
an input <M,w> for an A, question, and turn
it into a single TM P,, such that deciding
“<P,,,>1 T?" also decides “<M,w>I A,?”

TMs with empty language are either in T or not.
Assume that empty language | T, and <Q>I T.

Proof: Given <M,w>, define the TM P,,, by:
Puw = “On input x:

1. RunMonw

2. If M rejected then “reject” x

3. If M accepted then run Q on x
By construction:
« If M on w rejects or never stops: L(P,,,)=4
e If M accepts w: L(P,,,) = L(Q)
Deciding “P,,,| T?" decides “<M,w>1 A,,?”
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Let G be a TM that decides T,

The following TM would decide Aq, (input <M,w>):
1) Given M and w, make P,,, as described before
2) Give same answer as G on <P,,,>
Correctness proof:

- If M accepts w: L(P,,,) = L(Q), hence <P, > T

- If M does not accept w, then L(P,,,)=4 <P,,,>| T

121
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Almost any language property of Turing machines
IS undecidable:

Regulary, = { <M> | L(M) is a regular language }

Finite ), = { <M>| L(M) is a finite language }

CFGqy = {<M> | L(M) is a CFG language }

122




+ <

As you would expect, the equality language

EQmy ={ <M ,M,> | M ,M, TMs, L(M;)=L(M,) }

IS undecidable.

Proof Idea: Deciding EQyy, for a fixed M,, gives

already contradictory conclusions.

Let Mg be a TM with L(M o=/

A TM that decides EQq, can also decide Eqy,
by deciding “<M;,M>1 EQy?”

EQqy is not even TM or co-TM recognizable...

123
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Our reductions have been very straightforward:
“A TM for this language can be transformed into
a similar TM that decides another language”

As a result, the provable undecidable languages
are very alike Aqy,, EQqy, HALT,,, €t cetera.

For languages concerning questions not about
TMs we have to use a more refined reduction.




An accepting computation history fora TM M on a
string w consists of a sequence of configurations
C,,C,,...,C, such that the following properties hold:

1. C, is the start configuration of M on w
2. Each C,, follows properly from C;
3. C, Is an accepting configuration

Observation: Stating “<M,w>I A;,,” is equivalent
with stating “There is no accepting computation
history C,,...,C, for M on w".

: 82 &

Decision problem:

Let P(Xy,...,X,) be a polynomial in n variables
$(Xq,.... X ) Z": P(Xq,...,X,) = 0?

Express computation histories as sequences
(xI ZM of numbers and the statement
“X encodes an accepting history for M on w”
by a polynomial equation “Py,,(x) = 0”.

Then, deciding “<M,w>I A.,,?” is equivalent
with deciding “$xI z": P,,,(x) = 0?”
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Remember the language
EQcrc = {<G1,G5> | G1,G, CFGs L(G))=L(G,) }?

We can prove the undecidability of this language
with the use of computation histories.
Goal: Linking Ay, With EQcrg

This will require some careful steps.

<M,w>1 A, equals
“There is an accepting history x of.M on w.”

Let’s try to express this_as:
<X>| Lepg, Where'l s is Seme CF language.

Problem? <x>I L-es?” is decidable...
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<M,w>| Ay,
equals

“There is no accepting history x of M on w.”
equals

“All histories x are non-accepting for M on w”

Let’s try to express this as:

“All <x>T Legs”,

where L is some CF language that contains all
descriptions of non-accepting histories of M on w

$ % #

Given a Turing machine M and input w, we have

to make a context-free grammar G such that:

xI G if and only if x does not encode an
accepting history of M on w

Let x encode the history C,,...,C,, then xI G if
1) C, not proper starting configuration, or

2) There is an improper C; ® C;,, transition, or
3) C, is not an accepting configuration.

We can do this (CFL are closed under ‘or’).
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With the previous outline, we can prove that
deciding the language

ALL s = {<G>| G is CFG, L(G)=S* }
enables us to decide the undecidable A,

Theorem: ALL s is undecidable

Corollary: The language is EQ.rg Undecidable.
Proof: Take G. such that L(G.)= S*, and ask
“<G,,G.>l EQcps?”

Thus far, we used reductions informally:

If “/knowing how to solve A” implied “knowing how
to solve B”, then we had a reduction from B to A.

Sometimes we had to negate the answer to the
‘I A?” question, sometimes not. In general, it
was unspecified which transformations were
allowed around the “I A?”-part of the reduction.

Here now comes rigor...
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A function f:S*®S * is a TM-computable function
if there is a Turing machine that on every input
wiS * halts with just f(w) on the tape.

All the usual computations (addition, multiplication,
sorting, minimization, etc.) are all TM-computable.

Important here is that alternations to TMs, like
“given a TM M, we can make an M’ such that...”
can also be described by computable functions
that thus have f(<M>) = <M’>,

) |

A language A is mapping reducible to a another
language B if there is a TM-computable function
f:S*®S * such that:lwi AW i)l B

for every wiS *.

Terminology/notation:

Af£ B f

« function f is the
reduction of A to B

« also called: f
“many-one reducible”
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The language B can be more difficult than A.

Typically, the image f(A) is only a subset of B,
and f(S*\A) a subset of S*\B.

“Image f(A) can be the easy part of B”.

135
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If A is a decidable language, then A £, B for every
nontrivial B. (Let 11 B and Ol B.)

Because A is decidable, there exists a TM M such that M outputs

“accept” on every xI A, and “reject” on x| A.
We can use this M for a TM-computable function f with

f(x)=11 BifxI A and f(x)=0I B if xI A

“The function f
does all the
decision-work”
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Theorem: If AE_B and B is TM-decidable,

then A is TM-decidable.

Proof: Let M be the TM that decides B and f the
reducing function from A to B. Consider the TM:
On input w:

1) Compute f(w)

2) Run M on f(w) and give the same output.

By definition of f: if wi A then f(w)I B.
M “accepts” f(w) if wl A, and
M “rejects” f(w) if wi A.

9 £

Corollary: If AE_B and A is undecidable,

then B is undecidable as well.

Proof: Language A undecidable and B decidable
contradicts the previous theorem.

Extra: If AE_B, then also for the complements
(SM\A) £ (S\B)

Proof: Let f be the reducing function of A to B
withwl AU  f(w)l B. This same computable
function also obeys “vI (SM\A) U f(v)l (S*\B)”
for all viS *
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Theorem: If AE_B and B is TM-recognizable,
then A is TM-recognizable.

Proof: Let M be the TM that recognizes B and f
the reducing function from A to B. Again the TM:
On input w:

1) Compute f(w)

2) Simulate M on f(w) and give the same result.

By definition of f: wi A equivalent with f(w)i B.
M “accepts” f(w) if wl A, and
M “rejects” f(w)/does not halt on f(w) if wl A.

9 £

Corollary: If AE_B and A is not Turing-recognizable,
then B is not recognizable as well.

Proof: Language A not TM-recognizable and B
recognizable contradicts the previous theorem.

Extra: If AE B and A is not co-TM recognizable,
then B is not co-Turing-recognizable as well.
Proof: If A is not co-TM-recognizable, then the
complement (2*\A) is not TM recognizable.

By AE_B we also know that (X*\A) £, (>*\B).

Previous corollary: (22*\B) not TM recognizable, hence
B not co-Turing-recognizable .




Ad nauseam: The emptiness language
E={<M>|Mis aTM with L(M)=A}
IS not Turing recognizable.
Simple proof via ( 1y £, Erw):
Let f on input <M,w> give <M’> as output with:
M’: Ignore input

Run M on w

If M accepted w then “accept”

otherwise “reject”

Now: <Mw>1 1, U f(sMw>) = <M’> Eq,,

$ & C

All languages\

\_

A= { <M,w>| M is a TM that accepts w }
Ery = {<M>| MisaTM with L(M)=/A}
EQ:y = { <G,H>| G,H TMs with L(G)=L(H) }
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Proof (by showing £, EQw):

Let f on input <M,w> give <M,;,M,> as output with:
M,: “reject” on all inputs
M,: Ignore input

Run M on w

“accept” if M accepted w

We see that with this TM-computable f:

~

<Mw>T -, U f(cMw>) = <M, M,> T EQqy,

Because -, is not recognizable, so is EQqy. 143

31

roof (by showing A+, £, EQmv):

- i

Let f on input <M,w> give <M,,M,> as output with:
M;: “accept” on all inputs
M,: Ignore input

Run M on w

“accept” if M accepted w

We see that with this TM-computable dﬂ.
<Mw>l A, U f(<Mw>) = <M ,M,> 1 EQqy,

Because A+, IS not co-recognizable, so is EQqy,.
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Let us consider the theory of natural numbers with the operators + and *

"q3p " xy[p>q&(xy>1® xy'p)]

"a,b,c,n[(a,b,c>0 & a"+b"=c") ® n£2 ]

"g¥p " Xy [p>q & (X,y>1 ® (xy'p & xy! p+2)) ]

Let Th(N,+,*) denote the set of all valid sentences in such a theory

2 -3 ++

%

m_xmﬁo:”

For each TM M, it is possible (not described here) to define a
sentence $x Ry, in the FOL of the natural numbers with +
and *, that is true if x, which is free in *, , is a correct
accepting history of w on M.

Thus, let M, be a machine that decides - 3 + &
, -&.&
w: * + %h




It is even worse:
natural number theory cannot be axiomatized

Gddel's incompleteness theorem

* No sound and complete set of axioms for the theory of natural

number is recursively enumerable

%

_
Sketch:

Let us suppose, by reduction to absurd reasoning, that there
is a recursively enumerable set of axioms for integer number

theory.

Then the valid sentences of the theory are recursively
enumerable. Since, the for each sentence A, either A or @

& +
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Special results may hold for special theories, f.i
Th(N,+) is a TM-decidable set
Th(N,+,”) is a not a TM-recognizable set
Th(R,+,”) is TM-decidable
monadic predicate logic (predicates with only one
parameter) is decidable
validity of bounded sentences (f.i. $ )* ) is decidable

160
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Standard information theory considers each n bit-
string in {0,1}" equal.

However, we feel a difference between the string
“0101010101010101010101010101010102

and the string (of equal length)
“01011101010010100011100011000110112 ™.

We consider the first string more ‘regular’ than
the second one.




We can give a short description of “0101010101
010101010101010101010101 " by “17 times 01",

For the other “01011101010010100011100011
00011011 ” this seems more problematic.

This suggests:

A regular string is a string that has a short
description; an irregular one has no such summary.

163
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Key idea: We allow a Turing machine M with
input y as a description of a string x if the output
of M on y equals x.

An x will have many different descriptions (M,y).
We consider the size of the shortest description
as an indication of the intrinsic complexity of x.
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The description of the TM M and its input y is
going to be one long bit-string:

How do we know where <M> stops and <y> starts?

We will use a self-delimiting code for <M>:
two bits “00” for ‘zero’,
two bits “11” for ‘one’, and
“01” for ‘end of string’.

+ & % G)? H

For the encoding of M and x we concatenate the
self-delimiting/double bit description of M with y.

Hence from now on: <M,y> = <M>y.

For the length of <M,y> this implies:
[<M,y>| = [<M>] + |

Note that the yl {0,1}* is encoded trivially.
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(Fix a universal Turing machine U.)

The descriptive complexity K(x) of a string x is
the length |d(x)| of its minimal description:

Also known as: algorithmic complexity, or
Kolmogorov (Solomonoff-Chaitin) complexity.

+
&

Let us find a suitable coding to compress the information ...
Messages has to be sent through a communication channel.

The messages are sequences of symbols in the alphabet S=1 &2& 3+

Description length theory point of view
To codify a message we send
a description of the alphabet S,
it has a fix cost C




H(S) £ EB(S) £ H(S) +1

# &6 6 6

9 £ &6 !
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We want to define a model that explains a set of observations X ,..., X
and Y ,...,Y of a system. If several models are available, which one has
to be selected?

The goals
the model should be able to explain well the observations
the model should be simple

+
<M> is minimum




.

“It i1s vain to do with more what
can be done with fewer.”

William of Ockham (1290-1349)

Alternatively:
“Entities should not be

?24@7
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The minimum description length theory suggests to minimize <M>D
(an intuitive sketch)
To minimize <M>

The weights of the neural network must be kept small, in order to
minimize the precision required for its representation

To minimize D

the expected difference between the predicted output and the actual

output must be kept small, in order to minimize the precision
required for its representation

Thus we have to minimize

a log(Y,- M(x))+5  log(w|)

i=1 i=1

[
——
7
\/
——

Problem: The function K depends on the universal
U that is used: we should say K, instead of K...

Maybe that for another TM V, the complexity
measure K,, is much smaller than K ?
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Theorem: Let U be a universal TM, then
for any other description method V, we have

Ku(X) £ Ky(x) + ¢ for all strings x.

Note that the constant ¢ depends on V and U,
but not on Xx.
Proof: Because U is universal, we can give a

finite description to U how it should simulate V.
Let this description be of size c.

# |

Theorem: There exists a constant c, such
that K(x) £ |x| + c, for every x. (“The complexity of
a string can never be much bigger than its length.”)

Proof: Let M be the TM that simply outputs its
input string y: M(y)=y.

Then <M>Xx is a description of x, and hence
K(X) £ |<M>| + |x|]. Let c=|<M>|.

(Here we benefit from our way of encoding (M,y).




Theorem: There is a constant ¢ such that
K(xx) £ K(x) + c, for every string X.

Proof: Take the TM M that given input <N>x:
1) Calculate the output s of N on X
2) Output ss

Let d(x) be the minimum description <Q>r of X,
then <M>d(x) will give a description of xx.
Hence, K(xx) £ |[<M>| + |d(X)| = K(X) + c.

You would expect that for all strings x and v:
K(xy) £ K(x) + K(y) + c, for some c.
However, this is not true.

The problem lies —again— in the separation
between d(x) and d(y).

Instead, we have a constant ¢ such that:

K(xy) £ K(x) + K(y) + 2log(K(x)) + c,
for all strings x and y.
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Theorem: There is a ¢ such that
K(xy) £ K(x) + K(y) + 2log(K(x)) + c, for all x,y.

Proof: Let m be the logarithm of |d(x)|, then the
string “1™0 <|d(X)|> d(x)” gives a self-delimiting
description of x.

(We need 2m bits to indicate the length of d(x).)
Hence the input “1™0 <|d(x)|> d(x) d(y)” gives an
unambiguous description of xy.

Alternatively, we could double the representation of x, obtaining
a less tight bound K(xy) £ 2K(x) + K(y) + ¢

Theorem: For every n there exists at least
one incompressible string xI {0,1}" with K(x)3 n.

Proof:

— There are 2" different strings x in {0,1}".

— There is one description of length 0O, two
descriptions of length 1,..., and 2"1 descriptions
of length n—1.

In total: 2"-1 descriptions of length smaller than n.
Hence, there has to be an xI {0,1}" that has a
minimal description of at least n bits.




Theorem: For every n there exists at least
2n-2n-¢+l +1 strings that are incompressible by c, i.e. such
that satisfy k(x)>|x|-c

Proof: As in the previous theorem, there is only 2n-¢+1 -1
descriptions (strings) having length smaller or equal to n-c

&

Q: How many primes are there less than n?
Let p,,...,p,, be the m primes £ n.
We know that we can describe n by:
— e e en
n = _UH XUNN _UB
Hence <e,,...,e,> gives a description of n.
For each | we have: e, £ log(n).Thus <ey,...,e,,>
requires less than m-log(log(n)) bits.
By, incompressibility, there are n with K(n) 2 log(n).

Conclusion: m 3 log(n) / log(log(n)) for those n.
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n = p’xpy P Hence <ey,....e,> gives
a description of N. For each | we have: g, £ log(n).

There is an encoding y,, of e,,...,e, with |y,| £ m-log(log(n)).
The total description <M>y_ requires no more than

c + m-log(log(n)) bits.

For n with K(n) 2 log(n), we thus have the bound: log(n) £
m-log(log(n)) + ¢, which implies

m 2 log(n)/log(log(n)) — c/log(log(n))
for arbitrary big n.

9/ % |

To which extent can we know the value K(x)?
K(x) £ n can be proven by a specific example
<M>y (with total length £ n) that produces x.
For K(x) ® n we would have to prove that all
<M>y (with length < n) do not produce x...

K can only be approximated ‘from above’.

True statements like “K(x) £ n” are recognizable,
but not TM-decidable.
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“The least number that cannot be
defined in fewer than twenty words.”

By formalizing this paradox we will see that the
problem lies in recognizing that a number
cannot be described in fewer than 20 words.

(There is no problem with formalizing “defined”.)

187
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Richard-Berry Paradox Theorem:
The set C ={<x,n>| K(x) 2 n }is not decidable.

Proof by contradiction: Assume C decidable.
Consider the following TM M (on input n):
1) Take s=e
2) Decide <s,n>1 C?
3) If answer “no”,

then increase s lexicographically; go to 2)
4) If answer “yes”, then print s and halt.

The descriptive length of <M>n is cy,+log(n)...
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... The descriptive length of <M>n is c,,+log(n).
Take n big enough such that n > c,,+log(n).
(The original paradox has n equal “20 words”.)

Then the length of <M>n is less than n, but it
outputs/describes a string s with K(s) 2 n.
Contradiction.

The set { <x,n>| K(X) ® n }is not decidable.
(But it is co-TM recognizable.)

E ,8/

The impossibility of calculating K gives a simple
way of rephrasing Gddel's incompleteness thm.

Let A be an attempt to find the complete set of
axioms and derivation rules for Th(N,+,” ).

There exists an n, which is a constant that depends
only on the size of A in bits, such that...

... with A we cannot prove any of the true
statements “K(x) > n,”".
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For any string x, the statement “K(x) > n” can be
expressed as a potential element of Th(N,+,”).

(We can formalize “K(x) > n” in the language of
the theory of natural numbers, +, and “ .)

Consider the following program that uses A and n:
1) Enumerate a statements that follows from A
2) If this statement is of the form “K(x) > n”,
then print(x) and halt
3) Otherwise: generate next statement and go to 2)

191

E ../

1) Enumerate a statements that follows from A
2) If this statement is of the form “K(x) > n”,
then print(x) and stop
3) Otherwise: generate next statement and go to 2)

The above program can be expressed with
less than 2|A| + 2log(n) + c bits.
(The constant ¢ does not depend on A or n.)

Also, the program outputs a string x with K(x)>n.

Contradiction if n > 2|A] + 2log(n) + c.
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summary:

Consider a system of axioms/derivations A.
Take an n, with n, > 2|A| + 2log(n,) + C.
This program of length 2|A| + 2log(n,) + c:

1) Enumerate a statements that follows from A
2) If this statement is of the form “K(x) > n,”,
then print(x) and stop
3) Otherwise: generate next statement and go to 2)

would print an x with K(x) > 2|A| + 2log(n,) + c.

Contradiction: A cannot prove K(x) > n,.

E 7/

Summary:

Consider a system of axioms/derivations A.
Take an n, with n, > 2|A| + 2log(n,) + c.

With A we cannot prove “K(x) > n,” for any x.

This is a very strong result:
- For all but 2"*1-1 strings, “K(x) > n,” is true.
- The statement “K(x) > n,” does not use

the content of A at all, only the size |A|.

“You can’t prove a theorem of one kilogram
with only one gram of axioms.”




Let M be a Turing machine that halts on all inputs.

Definition: The running time or time complexity
of M is the function f:N® N, defined by

f (n) = max(no.of timestepsf M on x)

X|=n

Note: Worst case and size of the input x in bits.

 “f(n) is the running time of M”
* “M is an f(n) time Turing machine”.




Definition: For the function t:N® N,
the time complexity class TIME(t(n)) is the set of decision

problems:

TIME(t(n)) = { L | there is a TM that decides
the language L in time O(t(n)) }

_%ﬁ 1
_

Definition: The class of languages that can
be decided by a single tape TM in polynomial
time is denoted by

P = TIME(n®)
k=1,2,...

The problems in P are considered efficiently solvable.




PATH = ?O. n,v)|thereisapathfromn tovin Ov

RELPRIME={(a,b)|aandbarerelativelyprime}

Aceg = { <G,w>| G is a CFG that generates w }

‘&

j _
_
Definition: The class coP contains the languages whose

complement can be decided in polynomial time

coP = ?,_H i

Theorem: The complement polynomial class is equal to
the polynomial class

coP = P




%

Proof

Let M be the DTM that decide on A. Build M2 such that
M is run on the input w
If M accepts, then reject
If M rejects, then accept

$ & &' &

All reasonable computational models are polynomial-
time/space equivalent:

e It is possible to simulate one model by another
model with only polynomial time/space overhead.

The answer to the question “Al P?” does not
depend on the model.
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The computation time on different Turing machines differs for only
a polynomial time term

Theorem: Every t(n) time multitape Turing machine has an
equivalent O(t (n)) time single-tape Turing Machine

Theorem: Every t(n) time single tape Turing machine has an
equivalent O(t(n)) RAM program

Theorem: Every t(n) time RAM program has an
equivalent O(t (n)) single tape Turing machine

< )

Let M=(Q,S,G,d,00,0accept: Areject) PE @ k-tape TM.
Construct 1-tape M’ with expanded G = GE CE{#}

Represent M-configuration

U;gasvy, WbV, ..oy Udidy Vi
by M’ configuration

O;# Uy@ Vy # U@,V # ... # Uiy Ve

(The tapes are seperated by #, the head
positions are marked by underlined letters.)
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On input w=w,...w,, the TM M’ does the following:

1.
2.
3.

Prepare initial string: #w,...w # # #_#_
Read the underlined input letters T G X
Simulate M by updating the input and the

underlining of the head-positions.

4.

5. Halt accordingly.

Repeat 2-3 until M has reached a halting state

PS: If the update requires overwriting a # symbol,

then shift the part #

__one position to the right.

& )
< _v
U 1a v !
T
Uy, 18, IV, !,
Tula v
f
O [# 1 U @ Ve Uy 18, Vo L LU 18V L
& )
< _v
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The simulation of an operation of the multi-tape
operation can cost at most m, where m is the
dimension of the tape

m £t(n) holds, since the multi-tape TM cannot write
more than a symbol at every operation

thus, the number of operation runs by the single tape
TM is smaller than O(m t(n)) £ O(t (n))

9

N’
[

Physical unrealistic requirements for the proper
functioning of the machine.

e Machines using elementary components with infinite
precision

e Unbounded parallel computing

e Machines that requires exponential space and energy.
e Time-travel computing
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Languages in P have poly-time deciders.
Languages in NP have poly-time ‘verifiers’.

Definition: A verifier for a language A is a
program V such that
A = {<w> | V accepts <w,c> for some c}

The string c is the certificate that proves wi A.

Remark
the length of c is polynomial w.r.t. w

209

Definition: NP is the class of languages
that have polynomial time verifiers.

The following is another equivalent definition

Definition: A language L is in NP if and only if

L can be decided by a poly-time by a nondeterministic TM.

The problems in NP are considered difficult to be solved.
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Proof
Let AT NP have an O(n ) time verifier V.
A polynomial time NTM can guess the O(n ) certificate c
that VV has to use for xI A and simulate V on <x,c>.

Let N be the O(n ) time nondeter. decider for B.
The O(n ) guesses of N define a certificate c.

A polytime deterministic V can simulate N on <x,c>
and verify “xI B” for every such x.

#  $ % S/
|

A Boolean variable x can be TRUE or FALSE, which is also denoted
by “1” or “0".

Standard Boolean operations are AND (xUy), OR (xUy), and NOT
(Dx or also x ).

Typical Boolean formula: f (x,y) = (@xUy) U (xU@y). This f is
satisfiable (by the assignments x=y=TRUE and x=y=FALSE).

SAT ={<f> | f is a satisfiable Boolean formula}

SAT is in NP:

a certificate is a assignment of the variables that satisfies the
formula.

the certificate length is proportional to the number of variables
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Example

does a given graph contains a clique?

CLIQUE ={(G,k)| G containsak - clique
the certificate is a coding of the clique nodes

IS there a subset of integers in a given set that sum
to a given number?

SUBSET SUM= (S,t)|S={x,...x}, it existsY I Ssuch that =

the certificate is a coding of the subset

iy

The Clay Mathematics Institute named seven open

problems in mathematics the Millennium Problems

Anyone who solves any of these problems will
receive $1,000,000

Proving whether or not P equals NP is one of
these problems




It is believed that P NP

Several theorems in complexity theory are in the
form of

1

There is an incredibly large number of open problems
whose solution would allow to decide about P=NP

Important cryptography algorithms are based on
P1 NP

TAUTOLOG¥{A |A isatautology(lt is truefor any assignaméh

$ % # #
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Remark

differently from P, it is unknown whether NP=coNP, actually it
is supposed NP* coNP

... we will come back later on this issue

0123
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(0 2101
21 2 72:0<2
10 2101% 2 10 2101
72
2
2 11 mod 37
2 is prime
3 is prime because his reasoning can be memorized
7 and provides the certificate
0<?2

2 =1m
106=53*2
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Definition A language A is polynomial time reducible to a
another language B if there is a polynomial time
computable function f:S*®S * such that:
M w [T for every wiS *.

Terminology/notation: f
-A£f B

e f is the polynomial
time reduction of Ato B f

B

Definition A function f:S*®S * is a _uo_<-z3m-om3cc$_u_m
function if there is a TM that on every input wiS *
halts after poly(Jw]|) steps with f(w) on the tape.

All the usual computations (addition, multiplication,
sorting, minimization, etc.) are all poly-time.

Important here is that object transformations,
like “Given a formula f, make a graph G;” can
almost always be done in poly-time.

222




Ep

The language B can be more difficult than A.

Typically, the image f(A) is only a subset of B,
and f(S*\A) a subset of S*\B.

“Image f(A) can be the easy part of B”.

Ep

Theorem If Aisin , then A £ B for every nontrivial B.

Proof
_ mn O\O ” V
# i" =2 > [

@ _
f(x)=11 B if xI A f(x)=0I B if xI A

“The function f
does all the work”




Ep

Theorem:

IfAE Band Bisin ,thenAisin as well.
Proof: Let M be the poly-time TM for B and f the
reducing function from A to B. Consider the TM:
On input w:

1) Compute f(w)

2) Run M on f(w) and give the same output.

By definition of f: wl A if and only if f(w)I B.
M “accepts” f(w) in poly-time if wl A, and
M “rejects” f(w) in poly-time if wl A.

_
Definition: A language Bis  -complete if
e Bisin , and
e For every language Al we have A£pB.

-complete problems are the most difficult
problems in

If we omit requirement 1 we define the set  -hard.

Definition: A language Bis  -hard if
1. for every language Al we have AE;B.
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If an efficient solution will be found for a NP-complete
language, then an efficient solution will be found for each

language in NP

Theorem If there is an NP-complete problem B that
can be decided in deterministic polynomial time, then
for all languages Al we also have Al

The question P=NP can be studied by analyzing just any
NP-complete language
Theorem If B is NP-complete, then Bl if an only if P=NP

* _%h

Cook-Levin Theorem proves that there a NP-complete
language exists

Theorem: SAT is NP-complete




%

Let A be a language in NP.

For every w, we want a (CNF) formula f,, such

~

thatwl AU  f I SAT, with a poly-time function
that calculates f, from w.

Let N be the nondeterministic NP that accepts A.

Key idea:
wi AU  $ accepting path of N on w

U $x..X, [fu(X...X,) = TRUE ]

) %

Specifically we will establish the chain:
wl AU  $ accepting path of N on w
U

There exists a sequence C,,...,C; of
configurations with:

- C, the start configuration of N on w

- (C;,Cj.1) @ proper N transition for every |
- C; an accepting configuration

U XX, [f,(X)... %) = TRUE ]

230




& % (

:

um_weomeoA

N is a poly-time nondeterministic TM:

The (accepting) path of N on w is limited by O(nk).

The sequence of configurations can described by

a tableau nk nk cells: #la |ww . tw]|_ 1 1 [#

# o REE
.................

| | | |

Fu(Xg: - Xpm) Tk L T L
describes || | | | o o]
this tableau... ISR U S U A S R T -
................. S S S

# q | R
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¥ The m Boolean variables in f . (X{---X,) have
to describe:
- that each cell is proper
- that C, is the start configuration of N on w
- that the transitions (C;,C;,,) are proper
- that C; is an accepting configuration

T I’ T T
o1 .
<. S
“““““““““““ SRS SN SRS S O
| | | |
“““““““““““ SN S S S S R
| | | |
“““““““““““
| | | |
| | | |
\\\\\\\\\\\\\\\\ B i ) I i |
| | | |
\\\\\\\\\\\\\\\\\ e | AN DR P
| | | |
| | | |
\\\\\\\\\\\\\\\\\ R AR SRS I R PR
| | | |
. - -
C; L |

| The TM N has state set Q and tape alphabet G

The content of a cell is in the set QEGE{#].

Define the Boolean variables according to:

In total there are

nk” nk” |QEGE{#}|

Boolean x-variables.

This is O(n%¥) polynomial in n.
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cell

Not all x-assignments make sense.

We require that each cell(i,j) has a one description.
For every 1£i,jEnk there should be only one
variable X s set TRUE.

The cell symbols s range from 1 to ¢ = |QEGE{#}|.
Hence we define with the ONE-function:

fot 0 & $ %

start

The starting state of N is q,, and the input
string IS Wy, ...,W,,.

(The rest is filled with _-spaces and marked on
the left and right by #-symbols.)

Hence:

Il
C
C
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accept

After the TM N has entered the accepting state

Qaccept: It StAYS IN this state.

We only have to check if the bottom row contains

the accepting state:

237
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move

The last requirement is that the sequence of
configurations C,,C,,...,C; are allowed by N.

We can check this by locally
checking all 2 3 windows.

There are (nk=1)" (nk-2)
of such windows:

—h
1
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If there is no TM head, the tape should remain
unchanged:

for all a,b,cIGE {#}.

For the transitions d(q,,a) = {(g,,b,R),(qs,c,L)}:

) J

The head can move in and out the window:

et cetera.

The tape and the TM remain stationary once
an accepting state
has been reached:




“m 3

For various reasons the following windows
indicate a mistake in the configuration sequence:

Most important, this window:
is illegal if (qq,c,R) I d (q,,b)

241
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Let L1 (QEGE{#})° be the set of legal windows.
Then “(i,j) window legal’ can be expressed by

U u u ., ., .

242
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Together these four requirements give:

N

f =f Uf Uf Uf

By construction, f, is satisfiable if and only if
there is an accepting nondeterministic path
of N on input w:

wl AU f I SAT

We have to check that w®f |, is poly-time...

! & *8

Fixed TM N with time complexity O(nk)
on input wy,...,w, of length n.

There are O(n%) Boolean variables x;  in f,,.

Last issue: Can we describe f, in poly(n) time?

n

cell = (i,j,1) (i,,C)
i,j=1

f

O(n2¥) time.
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|
Can we describe f in poly(n) time?

f = U U
u u , U
., U u U
... requires O(nk) time.
| & *.
_ Can we describe f in poly(n) time?
f =
... requires O(n2X) time.
f — C X ... complexity O(nk).
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Given wy,...,w,, the construction of

f =f Uf Uf Uf

requires O(n%X) time and space: poly(n).

CLIQUE ={(G,k)| G isak - cliqug

HAMILTON ={G | G containsaHamiltonian path}

SUBSETSUM= (S,1)|S={x,...}, itexist&ri Ssuch that=" x

iy




MAX - CUT ={(G, k)| G hascutof sizek or more}

3COLORS={G | G canbecoloredwith 3colorg

VERTEX COVER{(G k) |G hask- vertexcove}
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Graph isomorphism is a probable candidate for NP-intermediate

G ,G are isomorphs if there exist a bijection f from the nodes of
G to those of G such that an edge (u,v) exists in G if and only
if edge (f(v),f(u)) exists in G .

Remarks
Graph isomorphism is in NP: the certificate is any coding of f.
No polynomial algorithm is known
No reduction of a NP-complete problem is known
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Definition A language is sparse if the number of strings of size n is upper-
bounded by a polynomial in n

Definition A language is unary if it contains only one symbol, i.e. L i {0}*

Notice that
NP-complete problems are not sparse languages

The sparseness could provide another measure of the complexity of a
decision problem:

perhaps simple languages with “few” strings can be easily recognized.
Notice, however, that unary languages can be even not computable

f.i., f(0 )= accept if and only if <n> is the coding of a satisfiable
boolean formula

: ! $"$9
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the decision problem can be solved using the function problem

=" =
=$"
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=g $"
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accepting A *
A * -
A I1#

l % %P & '&

Cstart 4

Cstart

Caccepts

Caccepts
0 NPSPACE
3 O(poly(n))
O(poly(n
3 (poly(n)) Omoomgm

+ wam_un:v-
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e define a program CANYIELD(c ,c ,t):
accept, if the state ¢ can be reached from c in t steps on the NTM
reject, otherwise
CANYIELD(c ,c¢ ,2 ) acceptif and only if
the input string corresponding to ¢ is accepted by the NTM
the space used by of CANYIELD
each configuration ¢ requires O(f(n))
the maximum stack depth is O(log(t)), where t= 2
total space is O(f(n) )

PSPACE = SPACE(n¥)
k=12,..




P PSPACE

_ because a program that runs in polynomial time can
access only a polynomial number of memory locations

and

i because each branch of the NTM has polynomial
depth and can access only a polynomial number of memory
locations

269
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EXPTIME = U,_, TIMEQ")
i

& 3

SPACE+ + -- 2

2 SPACE+ + -l TIME+3  -)
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Pi NPi PSPACE=NPSPACE i EXPTIME

We don't know how to prove P: PSPACE or NP! EXPTIME.
But we do know: P! EXPTIME.

uw
0 6 O7++-

8- 6 O(7+ + --'
3-4 % 0 I o7++--1 0 £ 6
_ £,s denotes poly-space reductions

* 1

.0 6 O(7++--

* 0 | 0(7++-—-1 0 £ 6)
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* PSPACE *
6 +&964-.
&964#:. f; f *)) <)

$x" y[x y]i TOBF
" x$y$z[(x Uy) U(x Uz)]T TQBF
& &964 PSPACE-Complete)

W D
_
& &964 PSPACE-Complete)

TQBFI PSPACE

This program uses

Algorithm Tgbf( Q; Xy,...,Q X, F (X,-.., X)) linear space

if k=0, return F

if Q.= 9, then
return Tgbf( Qy Xy,....Quq Xy F (X,..., X putrue ) )
UTqbf( Q; Xq,...,Qy Xy F (Xy,..., X, _;,false) )

if Q=" then
return Tgbf( Q1 x1,...,Qk-1 xk F(x1,..., xk-1,true ) )
U Tgbf( Q1 x1,...,Qk xk-1 F (x1,..., xk -1,false) )
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If Al PSPACE, then A £,B

Idea: Given M and w, we can make a QBF F

such that: “wl Aifandonly if F T TQBF”,

The TM that decides A takes time 2 on input w.

The question: YIELD(c ,¢ ,2 )?

We define a QBF f (¢ ,c ,t) of length O(|c|*og(t)):

For f (c ,c ,1) this is simple (as in Cook-Levin).

For f (¢ ,c ,2t) we could try:

f(c,c,2t) = $c [f(c,c ,t) Uf(c ,c,t)], butin this way, the
length of the stack is |f(c ,c ,t)| ~ t, which is too big because t

may equal 20(poly(|wl)) 575

D# $

Instead, we use

f(c,c,2t)=$c " (c,c)l {(c,c)lc,c)f(c,c,t)l

Now the length of f grows indeed like O(]|c|*og(t)), which gives a linear
stack even when t = 20(oly(w)),

As a result, for every input w, we can make a

QBFF =f(c ,c 2 ) such that:
“M accepts w (wi A)” if and only if *F T TQBF”,
and size |F | = O(poly(n) ).

The transformation w®F is poly-time and, thus, it is also poly-space.
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SUM ={(a,b,c)|c=a+b}

MUL ={(a,b,c)|c=a* b}
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PATH ={(G,v,u) | thereisapathfromn to vin G}

~

L ?#+@ATT 1 @
8) - The algorithm search
3) - @; for the path
B) » guessing the node at
C) *8 each step
D) * T @))+™ 1 7|+ memorizing only the
E) *1 ~ % last node
F) *# #G
H) *# ! "

G is returned an edge at each

step.... otherwise G will consume
' too much space
. The machine that implements PATH

will call the reduction any time
it needs an input

L * ., M9 [/ M ##
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P(M acceptv) =

A * % n
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of course, Pi BPP

it is unknown whether NPI BPP and/or BPPI NP !

It is supposed that NPEBPP, otherwise we could have

reasonable algorithms for NP problems

Somebody suppose also BPP=P

BPP is closed under complement, BPP=coBPP

it A
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A method to test primality of p

chose random a ,..,a in [2,p-1]
check Miller-Rabin(a, p), for each a
if some test fails then accept

else reject

Remark
the above test is carried out in polynomial time on a probabilistic TM
If the p is prime, the above algorithm always accept,
If p is composite, the probability of accepting is smaller than 2

%
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A quantum Turing machine (intuitive definition)
a Turing machine where
the internal state is defined by a finite set of qubits
the tape is a sequence of qubits

About QTMs

each qubit can be in a state 0, 1, or in a superposition state, thus a
quantum Turing machine can carry out parallel computations...

in general, quantum computer can produce only a result having some
probability of being correct

a QTM can solve the same problems as a DTM, but in a faster way!
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Oracles
L/ C,C2 :There exists a TM of class C, with
access to an oracle in class C, that accepts L

Examples
PC = Languages accepted by DTM with access to an
oracle A in class C.
NPC¢ = Languages accepted by NTM with access to an
oracle Ainclass C
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The polynomial hierarchy extends the definition of P, NP e coNP

Definition by indution
0 =P
w1 = NP,

~

O=co

%
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| alternating quantifiers

26O,

1=

NP O,=coNP

<

NPCcoNP
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